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LOCAL LIMIT THEOREM IN NEGATIVE CURVATURE 


FRANQOIS LEDRAPPIER AND SEONHEE LIM 


Abstract. Consider the heat kernel p(t, x, y ) on the universal cover M of a closed 
Riemannian manifold of negative curvature. We show the local limit theorem for p : 

lim t 3/2 e kot p(t,x,y) = C(x,y), 

t—>oo 

where Ao is the bottom of the spectrum of the geometric Laplacian and C(x,y) is a 
positive (—Ao)-eigenfunction which depends on x,y G M. 

We show that the Ao-Martin boundary of M is equal to its topological boundary. 
The Martin decomposition of C(x,y) gives a family of measures {/Ae 0 } on dM. We 
show that {/i x 0 } is the unique family minimizing the energy or the Rayleigh quotient 
of Mohsen. 

We use the uniform Harnack inequality on the boundary dM and the uniform three- 
mixing of the geodesic flow on the unit tangent bundle SM for suitable Gibbs-Margulis 
measures. 


1. Introduction 

Let (M, g ) be an m-dimensional closed connected Riemannian manifold of negative 
curvature, and (M,g) its universal cover endowed with the lifted Riemannian metric. 
Let us denote by d the distance on M, M, as well as on their unit tangent bundles 
7r : SM -A M and tt : SM -A M (see fPPS] for various distances on M and on SM and 
the equivalences between them). We denote the natural projection ( M,g ) —>• (M,g) and 
its derivative by p. The fundamental group T = ni(M) acts on M as isometries such 
that M = M /r. Let Mq be a bounded fundamental domain for this action. 

We consider the Laplace-Beltrami operator A := DivV for smooth functions on M 
and the corresponding heat kernel function p(t,x,y),t € € M, which is the 

probability density defined as the fundamental solution of the heat equation, i.e. the 
function which satisfies ^ = A y p and lim p(t, x, y ) = 5(x — y). The function p is clearly 

T-invariant and symmetric. 

Denote by Ao the bottom of the spectrum of the geometric Laplacian — A on L 2 (M, Vol), 
where dVol(z) is the Riemannian volume form on M. Since T is not amenable, Aq is 
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positive jBr| . For all x,y € M, we have 

(1.1) A 0 = lim-jln p(t,x,y) 

i—»oo t 

by the spectral theorem. 

Our main result is a local limit theorem which refines ED- 

Theorem 1.1 (Local Limit Theorem). There exists a positive function C on M x M 
such that for all x, y € M, 

(1.2) lim t 3/2 e Xot p(t, x, y) = C(x,y). 


When M is the hyperbolic space H 3 , there is an explicit expression for p(t,x,y) 
([PGM]) and Theorem II.II is clear, with 


C(x,y) 


smh a(x, y) 


More generally, if M is a symmetric space of non-compact type, then Theorem 1 1.1 1 with 
t k / 2 instead of t 3 / 2 was proven by Bougerol (10) using representation theory of the group 
G of orientation-preserving isometries of M. The integer k is given by the rank plus twice 
the number of positive indivisible roots, which depends only on the Lie algebra of the 
semi-simple group G. In particular, k = 3 for all rank one symmetric spaces and this 
explains why one might expect t 3 / 2 for negatively curved manifolds. Bougerol proved the 
theorem for all random walks on semi-simple groups with a distribution that is left and 
right Lf-invariant, which implies the same result for Brownian motions on M = G/K. 


The limit function C(x,y ) is symmetric by Theorem 11.11 and it is a positive (—Ao)- 
eigenfunction in y: we further give a formula in Theorem 11.71 below. However, it was 
already known that if the limit 

(1.3) lim = ghifi 

t ->OO p[t, x,x) C[x,x) 

exists on a Riemannian manifold, then C(x,y) is a (—Ao)-eigenfunction in y rATUi 
(Theorem 1.2). It is indeed a coniecture bv Davies ([Da]) that the limit El always 
exists (see |Ko] for a recent counter-example for the analogous question on graphs). Our 
result can be stated as: 


Corollary 1.2. The universal cover of a compact Riemannian manifold with negative 
sectional curvature satisfies Davies conjecture. 


See [ART] for further discussion and applications of Davies conjecture. 

A similar local limit theorem was first observed by Gerl |Ge| and Woess |GW| for 
random walks on a free group which are supported by the generators of the group. It was 
then proven by Lalley for random walks with finite support on a finitely generated free 
group [La] , This was extended by Gouezel and Lalley to symmetric random walks with 
finite support on cocompact Fuchsian groups and finally by Gouezel to symmetric 
random walks with finite support on hyperbolic groups m- Our proof follows the 
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strategy and ideas of m and m- By m, this general strategy works for measures 
of infinite support and with superexponential moments. 

Two main new ingredients of the proof of Theorem II. H are the uniform rapid-mixing of 
the geodesic flow generalizing Dolgopyat theorem and the generalised Patterson-Sullivan 
conformal family whose Radon-Nikodym derivative is the Martin kernel k\ Q {x,y,f), 
which is defined in Theorem PI below. 

As in m, we obtain several subsequent results which have their own interest. Let 
us introduce more notation to describe these results. For any real A < Ao, we define the 
A -Green function G\ : for all x / y € M, 

roo 

G\(x, y) := / e xt p(t,x,y)dt. 

Jo 

The integral converges at oo thanks to the spectral theorem m- The integral con- 

_ ( /0 d^(x,y) _ 

verges at 0 since as t —>■ 0, p{t,x,y) ~ « . The function G\(x,-) is positive 

(A + A)-harmonic outside {x}. 

Guivarc’h observed that the Ao-Green function is finite as well: for all x ^ y € M, 

ROO 

G\ 0 (x,y) := / e Xot p(t, x, y)dt < oo. 

Jo 

Moreover, for any compact K C M, we also have 

(1.4) f G\ 0 (x,y)cNol(y) < oo. 

Jk 

(See Lemma [2711 i 

In Section [21 we show (see Proposition 13.141 where we relate r with other dynamical 
properties) 

Theorem 1.3. There are positive constants t and C such that, for x,y € M with 
d(x,y) > 1, 

G Xo (x,y) < Ce~ Td ^y\ 


Two geodesic rays in M are said to be equivalent if they remain a bounded distance 
apart. The geometric boundary dM is defined as the space of equivalence classes of unit 
speed geodesic rays. A sequence {y n }neN hi M converges to a point in dM if, and only 
if, for some (hence, for all) x € M, 

d(x,y n ) + d(x,y m ) - d(y n ,y m ) oo as n,m-»oo. 

We now describe the Martin boundary of the operator A + Aq. 


Theorem 1.4. /Ao -Martin boundary] Fix x € M and assume that the sequence {y n }neN 
converges to a point £ € dM. Then, there exist a positive (—Ao )-eigenfunction k\ 0 {x,y,{f) 
of the Laplacian, which we call Martin kernel, such that 


Um G\ 0 (y,y n ) 
G\ 0 (x, y n ) 


k\ 0 (x,y,0- 
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Moreover, the Martin boundary of A + Ao coincides with the geometric boundary. In 
particular, for any positive harmonic function F of A + Ao, there is a finite measure vp 
on dM, depending on x, such that 

F (y ) = (k Xo {x,y,£)dv F {£). 

J dM 


See Section [4] for the proof and more properties of the Martin kernel k\ 0 (x,y,ff). 
Martin kernel plays the role of a conformal density for a family of measures on the 
boundary dM. 

Theorem 1.5. For all y € M, there is a finite measure y*° on dM such that 


1) the family y eA y* 0 is T-equivariant: y*° = 7*(/i*°) for 7 € T and 

2) for y*°-a.e. £ € dM, all y € M, 


dy x ° 

dyl° 


(0 


k l 0 (®.y,O- 


The family is unique if we normalize by f M y*°(dM)dVol(x) = 1. 


For any T-equivariant families v = { u x} xe j^ of measures on dM with cocycle k(x, y,£) := 
and normalized by J Mq is* 0 (dM)dVol(x) = 1, we define the energy of v as follows: 

£(t) := / ( (\\^ y =x^k{x,y,i)\\ 2 du x {f)\ dVol(x), 

JM 0 \JdM J 

We define the energy to be infinite if the gradient is not defined almost everywhere. 

The energy is equal to 4 times the Rayleigh quotient 

^(p) := [ f f _\\V x y/k(xo,x,€)\\ 2 di/ Xo (£)') dVol(x) 

J M 0 \JdM J 

defined by O. Mohsen in [Mo] . Mohsen showed that Ao = inf„!R(z/) and asked whether 
the minimum is achieved. Using Rayleigh quotient, it is easy to see that y*° has energy 
£ = 4A 0 . 

Theorem 1.6. The family y*° is the unique conformal family of measures which achieves 
the minimum energy. 


Mohsen proved the uniqueness for the manifolds with constant negative curvature. 

The family y*° is a fourth natural T-equivariant family v = v x of measures on dM with 
regular cocycles, alongside with the Lebesgue visual measures, the Margulis-Patterson- 
Sullivan measures and the harmonic measures^ For rank one symmetric spaces, the 
Lebesgue measure on dM achieves the minimum. It is easy to see that the family y*° is 

^Observe that the energy of Margulis-Patterson-Sullivan measure is the volume entropy squared, and 
the energy of harmonic measure is Kaimanovich entropy ffiS], EB, Effl. 
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proportional to the harmonic measures or to the Margulis-Patterson-Sullivan measures 
only when the manifold M is a symmetric space (L3j . 

The last result we would like to emphasize is a formula of the function C(x,y) in 
Theorem 11.11 In case of symmetric spaces, the function C(x,y ) is proportional to the 
positive (—Ao)-eigenfunction invariant under the stabilizer K x of the point x, a.k.a. the 
Harish- Chandra function, or the ground state, centered at x. 

Theorem 1 . 7 . Fix x € M. There is a constant T = Ya 0 , given by \2.11\ ) . such that the 
positive (—Ao )-eigenfunction C(x,y) satisfies 

C(x,y) =^= lk Xo {x,y,£)dp Xo (£) = f ^ dpi 0 (0 \J dp$° (f). 

Wir JdM Wir JdM 

Here, / \Jdpi 0 (£) \!dp^ 0 (£) := / _ -i / ^ v , (g) dpi° (£) as used in unitary represen- 

JdM JdM V dpi 0 

tation of T associated to its action on (dM, p x °). 

The article is organized along the path of the proof of Theorem 11.11 

In Section [21 we recall the consequences of Ancona’s boundary Harnack inequality for 
A < A 0 (j A nlj), in conjunction with the thermodynamic formalism for the geodesic flow 
(following }Kl ]. [113 and |L2j ). Using mixing properties of the geodesic flow on the 
unit tangent bundle SM for suitable T-invariant Gibbs measures, we show that there is 
a function P(A) of A and a positive function D(x, A) such that, for A < Ao, as R —>■ oo 

(1.5) e ~ p W R f G\{x, z)dz —> D(x, A), 

Js(x,R) 

where S(x, R ) is the sphere of radius R centered at x. (see Proposition 12.101) . 

We also recall from m Corollary 5.5.1 that f s ^ x G\ Q (x,z)dz is bounded indepen¬ 
dently from R (^Proposition 12.12l) . 

In Section 3, we use this bound to establish the uniform Harnack inequality at the 
boundary, i.e. the Ancona-Gouezel inequality fTheorem 13.41) . Theorem 11.41 follows and 
the other applications of thermodynamic formalism hold equally at A = Ao- 

In Section 4, we discuss limits of measures on large spheres using uniform mixing 
of the geodesic flow. One consequence of our results is that the measures p Xt R on 
the spheres S(x,R) with density e~ RP ^°^G\ Q (x,y) converge to some measure pi 0 as 
R —» oo ICorollarv 14.71) . The measures pi 0 turns out to be a T-equivariant family with 
regular cocycle e^ p( ' X °' )l3 ^ x ’ y ^' ) k‘^ o (x, y, £), where f3{x,y,f) is the Busemann function (see 
the equation (12.71) 1. On the other hand, for A € [0, Ao],x € M and R > 2, we define 
the measure m x p : R on SM by first lifting the measure e~ p ^ R G\{x, z)dz on S(x,R) to 
the set of unit vectors pointing towards x, and then projecting to SM by p. Another 
consequence is that there exists a probability measure fh over SM such that the measures 
m x ,\,R converge towards some measure pi°(dAl)m on SM as R —» oo and A —>• Ao (see 
Corollary 14.8[) . 
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Once we prove that P( Ao) 
statements of Theorem O 
is proportional to C(x,y). 


= 0 in Section [5l the family of measures yff satisfies the 

— d 

We also obtain that for x,y € M, lim —P(\)—G\(x,y) 

A-s>A 0 o A 


d 2 

By a precise study of the second derivative ——tG\(x, y) in Section l6Tl we obtain that 

oX z 


both 


md j^xJLa^y) 


converge towards positive numbers as A —>• Ao- In Section 16.21 we conclude the proof 
of Theorem 11.11 from Theorem 16.11 and a Tauberian Theorem as in [GLJ. Theorem P 
follows as well. 


In Section [71 we prove a uniform version of Dolgopyat’s rapid-mixing for hyperbolic 
flows which is of independent interest. In Section [HI for completeness, we prove the 
precise balayage estimates in the form that is used in the article. 


Remark 1.8. In this text, C stands for a number depending only on the geometry of 
M and T. However, its actual value may change from line to line. For the sake of clarity, 
we specify Co, • • • , Cn, C e , C(T ) when the same number is used in another computation. 
Note that Ci,Cq,Cj in Section [7] have the same role as in [Mej . Likewise, we consider 
spaces of a-Holder continuous functions for some a of which the actual value may vary. 


Acknowledgement : We would like to thank M. Pollicott for generously sharing his 
insights and ideas m, m, p. Bougerol for his interest and the fARJ] reference 
and S. Gouezel for helpful comments. The work was supported by University of Notre 
Dame, Seoul National University and MSRI during our visits. The second author was 
supported by NRF-2013R1A1A2011942, NRF-20100019516 and Korea Institute for Ad¬ 
vanced Study (KIAS). 


2. Potential theory and thermodynamic formalism 

We recall in this section the results obtained by applying classical potential theory to 
the Laplacian on M and thermodynamic formalism to the geodesic flow. 

Lemma 2.1. For any compact set K C M with non-empty interior, we also have 

(2.1) [ G Xo (x,y)dVol(y) < oo. 

Jk 

Proof. Let 4> be a (—Ao)-eigenfunction of the Laplacian : A cf> = —Ao 4>- Then p'(t, x, y) := 
p(t, x,y)ljj^e~ Xot satisfies f p'(t,x,y)dy = 1 thus defines a diffusion D with its Green 

function G D (x,y) = G Ao (x,y)||^. Suppose that there is a compact set K with non¬ 
empty interior such that j K G\ 0 (x, y) dVol(y) = oo. It implies that j K Gd(x, y) ciVol(y) = 
oo. By the proof of Theorem 4.2.1. (ii) of [Pi] . G\ 0 {x,y)^^e Xot = oo, which implies 
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G\ 0 (x,y ) = oo. By a theorem of Sullivan (Theorem 2.7 of |S]), there is a unique (—Ao)- 
eigenfunction, thus cf{y) / <f>{x) is T-invariant. It follows that Gd is T-invariant thus by 
discretization (see the proof the main theorem of eld there is a recurrent random 
walk y,£) on T with Green function Gd, which implies that F is virtually Z,Z 2 or trivial 

m- □ 

Proposition 2.2. We have, for A € [0, Ao), for any two points x / y G M: 
ak /• 

(2.2) —rG\(x, y) = k\ G\(x,x 1 )G\(x 1 ,x 2 )---G\(x k ,y)dVol k (x lr -- ,x k ). 

dX K J M k 


Proof. It follows directly from computation (See |Laj for discrete case), e.g. for k = 1, 

p /‘OO poo p 

I.G\(x, z)G\(z,y)dz = / / le x ^ t+u) p(t,x, z)p(u, z,y)dzdtdu 

Jm Jo Jo Jm 

p oo /*oo 

= / / e A h+“) pft -)- u,x,y)dtdu 

Jo Jo 

roc rs roc ^ 

= J J e Xs p(s,x,y)dtds = J se Xs p(s, x, y)ds = — G\(x, y). 


□ 


Since the Green function is positive, by (| 2 . 2 f) for k = 1 and 2 , the map A i->- G\(x,y) 
is a convex increasing function. Since G\{x,y) is analytic outside the spectrum as a 
resolvent, its derivative is finite as well, i.e. 

(2.3) for all A < Ao, all x / y € M, I G\(x, z)G\(z, y)dVol(z) < +oo. 

Jm 

For each x G M and £ in the geometric boundary dM, there is a unique unit speed 
geodesic 7 ^ starting from x in the equivalent class [£] of £. The mapping £ i-a 7x,^(0) 
is a homeomorphism, which we denote by vr” 1 , from dM to the unit sphere S X M in 
the tangent space at x to M. Thus we will identify the unit tangent bundle SM with 
M x dM. 

For each x € M, dM is endowed with the Gromov metric 

4(£,»7) = e-°^K 

where 0 < a < 1, is such that the sectional curvature k satishes k < —a 2 on M and 
(£|?y) x is the Gromov product 

(2.4) (f.\v)x= ljm \ {d(x,y) + d(x,z) - d(y,z)) . 

The following properties follow from pinched negative curvature: 

Proposition 2.3 ( jAnlj l. For all A € [0, Ao), every £ € dM there exist a positive 
(—X)-eigenfunction k\(x,y,f) of the Laplacian such that for each x, y € M, 

(2.5) 1™, 777 ^-V = k \( x iViO- 

z^£, G\(x , z) 
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For any positive (—A)- eigenfunction F, there is a measure vp on dM such that 

F (y ) = (kx{x,y,£)dv F (£). 

J dM 

Proposition 2.4 (|H1I). Moreover, for all A E [0, Ao), there are constants a(A) > 
0 , C( A) > 0 such that 


V y \nk x (x,y,C) ~ Vy In k x (x,y,r])\\ 
(d x (f,rj)) a 


< C( A). 


Proposition 2.5 f [Klj h For three distinct points x,y,z £ M U dM, consider the func¬ 
tion 


( 2 . 6 ) 


8x(y> z ) 


G\(y,z) 

G\(y,x)G x (x,z)' 


There is a r > 0, and a r-Flolder continuous positive function 9 x {£,,rj) on dM x dM \A 
such that 


Oxfav) = dxiViZ). 

y^-£,z->ri 


The function rj), when it is finite as it is here, is called the Naim kernel in 
potential theory [Hj. Compare with the definition of the Gromov product (12.41) . 

Fix x E M. For £ E dM,y E M, the Busemann function /3(x,y,f) is defined by 

(2.7) P(x,y,Q = lim d(y,y n ) - d{x,y n ). 

Vn-^i 

As M is the universal cover of a closed manifold of negative curvature, we also use 
the thermodynamic formalism of the geodesic flow as in m, m, m- 

The geodesic flow g = {gtjtgR is defined on the unit tangent bundles SM and SM. 
On SM, the geodesic flow is an Anosov flow. For a ^-invariant probability measure m 
on SM, denote by h m (g) the measure-theoretic entropy of time-1 map g\ with respect 
to m (see e.g. m ) . For any continuous function ip, define the topological pressure P(<p) 
of ip by 

(2.8) P(ip) := sup ( h m (g) + / ipdrri) , 

m \ J SM J 

where the supremum is taken over all ^-invariant probability measures on SM. 

Consider v € SM. For a lift v in SM, consider the geodesic 7 y(t) with initial tangent 
vector 7^(0) = v. We will denote v~ = 7^(—00) and v + = 7^(+oo). For all A E [0, Ao), 
the potential function associated to A is the function on SM defined as 

ipx(v) := —2^ hr ^(7^(0), 757(f), F + ) 

We set P{ A) := P{ip x ) for 0 < A < Ao- Let mx to be the unique equilibrium probability 
measure of ip X) which attains the supremum in (12.81) . It is mixing for the geodesic flow 
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g of M. The measure m x can be constructed from the generalized family of Patterson- 
Sullivan measures associated to the potential function <p\, characterized by the following 
proposition. 

Proposition 2.6 (jL2j). Fix x G M. For all A G [0, Ao), all y G M, there is a finite 
measure g x on dM such that 


1) the family y eA pL X is T-equivariant: /i x y = 7 *(g x ) for 7 G T and 

2) for all A G [0, Ao), y x -a.e. f G dM, 


dhy 

d/4 


(0 = k? x {x,y,Z)e- p Vm*’Vti. 


The family is unique if we normalize by f Mo p,y(dM)dVol(y) = 1. 


Using Harnack inequality, the measures fi x defined above have finite total mass: 

Proposition 2.7 (Harnack inequality [C Y ] ). There is a Co > 0 such that for all A G 
[0,A o l, for any positive function f which is (A + A )-harmonic on a domain D, we have 
|| V In /|| (x) < In U 0 ifd(x,dV) > 1. 

Corollary 2.8. There exists a constant C > 0, such that for all A G [0, Ao), all x G M, 

C~ l < g, x x {dM) < C. 


Proof. By Proposition [27T] applied to k\(x, y, £), for x, y G Mo, | In k\(x, y, £)| is bounded. 
By Proposition 12.71 again, the function (p\ is bounded by 2\xiCq. It follows that the 
pressure P(A) is bounded. Thus, the Radon-Nikodym derivatives is bounded for 

ClfLy 

x, y G Mq uniformly in A. Since the total measure is 1, the corollary follows. □ 


Fix xo G M. By Hopf parametrization, i.e. by associating (v~, v + , f3(xo, 7 „( 0 ), v + )) 
to v, we identify SM with (dM x dM\A(dM)) x M, where A (dM) is the diagonal 
embedding. Since 0 x (f, d/j, x (f)dg x (r]) is independent of x, we define a T- 

invariant, ^-invariant measure fh\ by 

(2.9) dm x (£, r], t ) = n x 9 2 x (f, v )e 2P{x) ^ x d/^(£) x dn x (rj) x dt 

on SM, which does not depend on x (it does not depend on xo either). Here, Q\ is the 
normalizing constant chosen so that the measure fh\ is equal to the T-invariant lift of 
the probability measure m\ to SM. 

Remark 2.9. Note that we have a symmetric measure thanks to the fact that our 
potential function is cohomologous to ip\ o 1 where 1 is the flip map v 1 —> —v (compare 
with asymmetric measure in |PPSj Section 3.7). 

We can also identify the orthogonal two frame bundle S 2 M with the triples of pairwise 
distinct points in dM x dM x dM by associating (v,w G tt 1 -) to (u + ,u _ ,u; + ). The 
measure 

( 2 . 10 ) 


dr X (a,b,c ) := T x 0 X (a,b)6 x (b, c)6 x (c, a)dy x (a)diJ, x (b)dy x (c) 
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does not depend on x and is T-invariant. Here is a normalizing constant so that the 
total measure satisfies 

( 2 . 11 ) t£(S 2 M) = 1 . 

Let us recall dynamical foliations of in order to define measures associated to g x . 
For every v € T 1 M, define the strong stable manifold, strong unstable manifold, weak 
(or central) stable manifold and weak (or central) unstable manifold of v as follows: 

W ss (v ) = {w € T 1 M : lim d(gtv,gtw) = 0}, 

t— »+oo 

W uu (v ) = {w € T X M : lim d(gtv, gtw) = 0}, 

£—>■—00 

W cs {v ) = {we T l M : 3s, lim d(g t+s v,g t w) = 0}, 

t —>+oo 

W cu (v ) = {w e T l M : 3s, lim d(g t+s v, g t w) = 0}. 

£—>—oo 


The generalized Patterson-Sullivan measures g x obtained in Proposition 12.61 induce 
measures on strong unstable manifolds and more generally any transversal to W cs via 
the homeomorphism (tt" 1 )*/^: first, on W uu (v), we define 

dgl u {w) = k 2 (x 0 ,Trw,w + )e PW ^ w) ’ Xo ’ w+) dg(( 0 (w), 
which is independent of xq and is T-equivariant (see (PPS] Section 3.9 for example). 


By extending the family g x L on W uu (v), we define a family of measures gf u on all 
transversals to the central stable manifolds on SM ~ M x dM in such a way that for 
two transversals through 7r“ 1 (^) and 7r" 1 (^), respectively, the Radon-Nikodym derivative 

Pa(t 
by 


(£), 7 T y x (£)) of the holonomy from ir x x (£) to n y x (£) along the leaf M x {£} is given 

= kl(x,y,£)e- p ( x M x ’ v &. 

Observe that gf u on S X M is (7 Tf 1 )*g x ', note that 


and 

( 2 . 12 ) 

(2.13) 


dgf a 

dg-tg u x 


(v) 


= e tP(A) k^(jif(t), 7sr(0), 757(00)), 


[ f(v)dgT(v) 

J S px M 

[ h(-u)dg s x s (u ) 
J S VV M 


f f{p°ir x 1 0dgx°(0, 

J dM 

[ _h(p OTT f l 0dgy°{0- 
J dM 


By a direct generalization of Margulis argument M to Gibbs measures, one obtains 
the following proposition (see Section |4] for details and m for the case A = 0). 

Proposition 2.10. There exists a positive continuous function D : (. M x [0, Ao)) — >• R+ 
such that 

lim e ~ RPW [ G\(x,z)dz = D(x, A). 

R ->°° J S(x,R) 
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Clearly, x i—>■ D{x, A) is r-invariant and depends only on p(x) € M. The function 
D(x, A) will be described in Corollary 14.91 

Corollary 2.11. For all A € [0, Ao), we have P( A) < 0. 


Proof. Indeed, otherwise, we have by Proposition 12.71 and Proposition 12.101 

D{x, A) f + °° 


[G\(x,z)G\(z,y)dVol(z)>^;[ ([ G\{x,z)dz\ dR> 

JM L Jl+d(x,y) \JS(x,R) ) 

The integral diverges, which is a contradiction with (12.311 . 


C 


dR. 


' l+d(x,y) 


□ 


The rest of the section is devoted to the proof of the following proposition due to 
Hamenstadt. 

Proposition 2.12 i [H3| . Corollary 5.5.1)). There is a constant C > 0 such that for 
R> 1, 


L 


S(x,R) 


G 2 Xo (x,z)dz < C. 


Proof, (cf. m, Lemma 2.5. We repeat, with our notations, the proof in m One 
reason is the comfort of the reader.) It follows from Harnack inequality (Proposition 
EZK see [An2] Remark in the page 94) that there exists a constant C' 0 such that for 
0 < A < Ao and x, y, z such that d(x, z) > 1, d(x, y) > 1, we have 

G x (x,z)G x (x,y) < C' 0 G\(z,y). 

Thus for any A £ [0, Ao], any x,z € M and any y £ M with d(x, z) > 1, d(x, y) > 1, 

G x (x,z)G\(x,y) ,G\(z,y) 

G\\X, Z) . _ G() , X ) 

G\(x, y) G\(x,y) 

Letting y go to £ € dM. we obtain 

Gl{x,z)e~ PWd ^ z) < C' 0 2 kl(x,z^)e- pWd ^ z) . 

A transversal T to the central stable manifold W cs is said to be e-transversal if the 
maximum angle between T and the strong unstable manifold W uu is smaller than e. 
Observe that gn(S x M) is e-transversal to W cs for R> Rq for some R$ > 0. 

Lemma 2.13. Let T be e-transversal. There is C e such that for all w £ T, A £ [0, Ao], 

iiT(B(w,i)nT)>c~ 1 . 

Proof. Let B = B(w, 1) O T. By the minimality of W cs on SM, there is r large enough 
that Ub£BB cs (b , r) covers at least one fundamental domain of SM, where B cs {b, r) is the 
ball of center b and radius r in W cs . By Harnack inequality, p\(b,z ) is bounded from 
above on B cs (b,r ) uniformly in A and b. Therefore there is C £ such that for all A 

Px (b,z)dVol(z)dfj^(b) < C e pT(B). 


B J B cs {b,r) 















12 


FRANgOIS LEDRAPPIER AND SEONHEE LIM 


On the other hand, by our choice of normalization in Proposition 12.61 

[ [ px{b,z)d\o\{z)dp u > f{b) > f ! ^j^{£)dp X0 {£)dm(x) = 1 . 

JB JB cs (b,r) JM 0 JdM a t l x 0 


□ 


Using all the above estimates, for any R > Rq, A < Ao and a ball B(w, 1) of radius 1 
in S(x, R), 


L 


Gl{x,z)e PWR dz < C$Gl(x,w)e P(A)R < C^Cq 2 d9R ^ (w) 

B(w, 1) a H\ 


< 


irv 2 
°0 U 0 


dgrtdT 


pf u (B(w. 1)) J B{wA) d pf u 


(z)dpl u (z) 


r i r ,2 g R pf u (B(w,l)) 

-Z o-o<-/ 0 


Px u B{w , 1) 

< C £ C^C' 0 2 p u x u 9-r(B(w,1)). 

By covering S(x, R) by balls of radius 1, the intersection of which is of bounded multi¬ 
plicity, we obtain a constant C such that for all A < Aq and for R > Rq, 


(2.14) 


[ G 2 x{x,z)e~ PWR dz < C. 

Js(x,R) 


Since P( A) < 0 for all A < Ao, there is a constant C > 0 such that for all A € [0, Ao), 
all x € M, all R > 1, 

[ Gx(x, z)dz < C. 

JS(x,R) 

Proposition 12.121 follows by letting A go to Ao- □ 

Corollary 2.14. For T > 0, Pt( A) be the Pressure of the function -!j(px- Then there 
exists a constant C(T) and Rq such that for all A £ [0, Aq), R > Rq, x € M , 


,-RPtW f Gl(x,z)dz < C(T). 
J S(x,R) 


Proof. We have as above 


Gl(x,z)e~ PTWd ^ z) 


< Gq T k p (x, z, £)e 


PtW<1(x,z) 


We can also apply Proposition 12.61 to the Holder continuous function instead of 
ipx- We obtain a family of measures p x on dM such that for all A € [0, Ao), /r^-a.e. 
£ € dM, 


, A,T 

dpy 

, A ,T 
dfi x 


(0 


k x (x,y,£)e 


P T (X)P(x,y,(i) 
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and f Mg fiy’ T (dM)dVol(y) = 1. We can therefore associate measures /Aff on transversals 
to the central stable manifolds such that the holonomy from 7 r“ 1 (^) to it along the 
leaf M x {£} is given by 

HO) = kl(x,y,^)e- PTW ^ y ^. 

The same computation yields the analog of (12.141) . □ 

Corollary 2.15. Given e, there exists a constant C 2 with the following property: let A 
be a (to — 1)-dimensional submanifold of M with bounded geometry, x G M,d(x,A) > 1, 
and assume that the lift A x := {(y, — v y )]y G A} to SM is £ transversal to W cs , then 

[ Gl 0 (x,y) dy < C 2 . 

•J A 

Here, v y is the unit vector based on y pointing towards x. 


Proof. Let y G A and let B(y, 1) be the ball of radius 1 about y in A. We obtain as 
above, uniformly in A G [0, Aq), 


[ G\{x,w)e- p{ - x)d( - x ' w) dw < CC e y uu (B y ), 

Jb(v, 1) 


where B y is the subset of S X M defined by B y := {7 v x(d(w,x)) : w G B(y, 1)}. By 
bounded geometry, we can cover A by balls B(yi, 1 ) with bounded multiplicity. The 
subsets B yi cover a part of S X M with the same bounded multiplicity; therefore we find 
a constant C 2 such that, for all A G [0, Aq), all x, A such that A is e transversal to W cs , 



P(X)d(x,y) 


dy < C 2 . 


Since P( A) < 0 for all A < Ao, we have f A G\{x,y) dy < C 2 . The corollary follows by 
letting A —>• Aq and the Monotone Convergence Theorem. □ 


3. Ancona-Gouezel inequality 

Definition 3.1. Let v G SM. The cone C(v) based on v is defined by: 

C(u) := {y;y G M,Z x (v,y) < vr/2}, 

where Z x (v,y) denotes the angle between v G T X M and the geodesic going from x to y. 
We denote dQ(v) := {y, y G M, Z x (v, y) = vr/2}, Observe that M = C(v) U G(—v) and 

de(v) = e(v) n e(-u). 

Let B be a open subset of M. For x, y G T>, the relative Green function G\(x,y : T>) 
is the Green function of the process killed when entering M\T>. It can be defined as the 
Green function of the operator A + A on D with Dirichlet conditions on the boundary. 
Clearly, for all set D, S, C C T> all A < Aq, and all x,y G S, G\(x,y : C) < G\(x,y : T>). 
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In general, if A is a closed subset of the open D , and x € T>\ A, there is a measure w x 
on A such that: 

(3.1) G x (x,z: D) = [ G x (y, z : T>) dm%(y) + G x (x, z : D \ A). 

J A 

We recall the proof in Section [ 8 j Assume that A is a (n — l)-dimensional submanifold 
of M, with bounded geometry. Then, the measure vj) has a density with respect to the 
induced Lebesgue measure dy on A. We can estimate some regularity of this density 
with some geometric hypotheses: 

Proposition 3.2. Let A be a (n — 1) dimensional submanifold of T> with bounded ge¬ 
ometry. Set A\ for the set of points of A at distance at least 1 from D c . There exists a 
constant C 3 such that for A S [0, Ao], for any positive function F on A\, any x € D with 
d(x, T>) > 1, 

[ F{y)dwl(y)< C 3 L(F ) 2 f G\(x,y)F(y) dy, 

JAi Ja 

where L(F ) := e supA H vln - F H is the (multiplicative) Lipschitz constant of F. 

Proposition 3.3. Let G be an open domain, G C T, d(G, dT >) > 1. Let x € G, A := dG 
and let w x be the distribution in m on A. There exists a constant C 3 such that if 
d(x, A) > 1, then for A S [0, Ao], for any positive function F on A\, 

C 3 1 {L{F ))~ 2 f G\{x,y : T)F(y)dy < [ F{y)dw x x {y). 

Ja Ja 

We chose the same constant C 3 in both Propositions for convenience. A priori, the 
constant C 3 depends on the geometry of M and A. Since we use Harnack inequality on 
M in the proof, it might also deteriorate when A —» — 00 . For the comfort of the reader, 
probabilistic proofs are recalled in Section [HI 

3.1. Ancona-Gouezel inequality. The key property of the A-Green functions for 
0 < A < Ao is the following uniform Ancona inequality, which we call Ancona-Gouezel 
inequality. 

Theorem 3.4. With the above notations, there are constants C 4 , Rq such that for all 
A € [0, Ao], all points ( x,y,z ) such that y is on the geodesic segment [xz\ from x to z 
and d(x, y ) > Ro, d(y, z) > Rq, 

(3.2) Cf x G x {x,y : V)G x (y,z : V) < G x (x,z : 2)) < C A G x {x,y : V)G x (y,z: V) 

for all open set T> containing G(g-iv) U C(— 9d(x,z)+i v )> where v € S X M is the initial 
vector of the geodesic \xz\. 

Theorem 13.41 was proven by A. Ancona for A < Ao ([SEE]). The first inequality in 
(13.21) follows from Harnack inequality uniformly in 0 < A < Ao ( again, see [An2j . page 
94). The new fact here is that the second inequality (13.21) holds when A = Ao as well, 
with the same constant C 4 , so that the consequences of Theorem 13.41 are now uniform 
in A € [ 0 , Ao] as in [Gi l. The Ancona inequality follows from the pre-Ancona inequality 
in the following Proposition. 
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Proposition 3.5. Let x, y, z be points on a geodesic 7 in this order, v the tangent vector 
to 7 at x. Then, there exists e > 0, R 2 such that if r > R 2 and d(x, y) > r + 1, d(y , z) > 
r + 1, 


G\ 0 (x, z:B(y, r) c n G(g-iv) n e(-g d ( x ,z)+iv)) <2 e * r . 


Proof. As in m, we will construct N = e £r barriers, for a positive constant e which 
we will specify as follows. 



Figure 1. Ancona-Gouezel inequality 


For * = 1, • • ■ , N, let X t = ((JV + 2 i- 1)tt/4 N, {N + 2i)ir/AN) C [tt/4, 3tt/ 4], Choose 
0i from X % , for i = 1, • • • , N. The circumference of a great circle of a ball B{y,r — 1) is at 
least e a °^ r_1 \ where ao is a geometric constant coming from the fact that the curvature 
is negative and bounded away from 0. Thus the intersections {Aj}’s of B(y,r — l) c and 
the cones {re : Z y (x,w) = 9i} of angle 9i at y, are of distance between them bounded 
below by e( ao_e ) r for all r large enough. Set T> := B(y,r) c fl Q(g-\v) FI Q(—gd(x,z)+i v )- 
Each set A{ n T> separate T> into two disjoint open sets. Let Cj be the one containing x. 
Then 2 0 Cj. Moreover, the sets Ai n D = dQi have uniform bounded geometry and do 
not intersect dQ(g-\v) U C(— gd( x ,z)+i v ) ( see Figured]). 
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By (13TTT) . we may write: 


Gx 0 {.x,z:T>) = / G\ 0 (ui, z : D) dw^.(u\) 

J A\C\D 

= f [ G\ 0 (u 2j z-.D) <1 vj^{u] )dw^ (u 2 ) 

JAinD JA 2 nT) 

= ■ G\ 0 (u n ,z : D) dw^(ui) ■ ■ ■ dzv* N1 (u N ) 

JAinv J A N nu 

< / ••• / G Xo (u N ,z)dw^(u 1 )---dw^ N1 (u N ) 

JAinT) J A/vfiD 


where mi, is the distribution on Aj fl T> given by (13.11) . (Observe that G\(uj,z ) : T> — 
Aj) = 0 since Ui,z are separated by Aj. Observe that, by Proposition 12.71 for all 
un € A n , ||V Ujv lnG , A 0 (RAr,z)|| < In Co- By construction, 8 {An O T>, B(y,r — 1)) > 1 
and for all un- i € An~i, d(uN-i, B(y,r — 1)) > 1. So, we may apply Proposition 13.21 
and obtain a constant C 5 = C^Cq such that 


/ G\ 0 (un,z) dw' UN _ 1 (u N ) <C 5 G\ 0 (u N -i,u N )G\ 0 (u N ,z)du N , 

J AktCYD j Am 


where w' z is the distribution on An OD associated with (13.11) for the domain B(y,r — 
l) c O e(g-iv) O Q{-g d ( x ,z)+ w)- Since T> c B(y,r - l) c 0 Q(g-iv) 0 Q(-g d ( x ,z)+ w), we 
have < w' z on An O T> and therefore 


/ G\ 0 (u N , z) dzu^ N _ 1 (u N ) <C 5 G Xo (u N -i-,u N )G Xo (u N , z) du N ■ 

J AatPiD J Aat 


The right hand side satisfies for all un- 1 £ An~i, 


IV. 


Ujv -1 


I Am 


G\ 0 (un-i,un)G\ 0 (un, z) duN\\ < Co / G\ 0 (un-i,un)G\ 0 (un, z) duN 


' Ajv 


because it is an integral in the variable un of the functions G\ 0 (un-i,un) with that 
property. We can iterate the application of Proposition 13.21 and obtain 

G\ 0 (x,z:T>) < ••• / Gx 0 (x,ui)Gx 0 (ui,u 2 )---Gx 0 (u N ,z)dui---du N 

J A\ J An 

= ( 8 x ,Li-■ ■ L N Gx 0 (u n ,z)) < C$ \\Li ■ ■ ■ L N Gx 0 (u n ,z)\\ 

/ r \ 1/2 

< C-U\\L,\\[J a G 2 x 0 (u N ,z)dUN 


where L t : L 2 (A i+1 ) -A L 2 (Ai ) is defined by Lif(ui) = / Gx 0 (ut, u i+ i)f(u i+ i)du i+ i. 

Observe that there is C such that, for all z, d(z , An) > 1, J A ^ G\ q {un , z)duN < C by 
Corollary 12. 151 as we have the needed tranversality for A Z N . Thus it suffices to show that 
there exist ,0n for which fi( 8 1 ,--- ,6n) = ||Tj|| 2 < // G\ Q {ui,Ui + i)dui + idui < 

for all i. Now choose 9i uniformly from X*. We claim that the expectation of fi 
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with respect to normalized measures ±Nd9i satisfies 

p —er 

W.) < 

if e is small enough. It would imply that E(^) /,) < JV 5 e cv < which would in turn 
imply that ^ fi{0 1 , • • • ,&n) < 4^ for some { 6 >i, - - - , 9 N }, thus fi(9 1 , • • • ,0 N ) < for 
all i. 

Now it remains to prove the claim. For a G Ai, b G Ai + 1 , let d>(a, b , 0i,6i+ 1 ) = 7 ci " 1 7 i G 
r where 70 and 71 are the first elements of T in the lexicographical order such that 

d( 7 oy, a) < diarn M and d(^\y, b) < diam M. 


Denoting by d/i(a,b,9i,9i + i) the product of the Lebesgue measures on Ai,A{ + \ and 
of ^N 2 d6id6i + 1 , we have 

E (fi) = J Gl 0 (a,b)d/j,(a,b,6i,e i+1 ) 

< C o 2 diamM ^G! o (y, 7 y)/i({(a,6,^,0 l+ i) : T(a, b, 9 U 6 i+1 ) = 7 }) 

7 er 

< C 2diamM LG 2 Xo (y,w)A(w) ( Nol(w), 

Jm 

where A(z) = /i({(a,b,9i,9i+ 1 ) : z G <L(a, b, 9i, 0j + i)Mo})/vol(M) and CgdiamA/ comes 
from Proposition 12.71 (Here Mq is a fundamental domain containing y.) The first 
inequality holds since 

G Xo (a,b) = G\ 0 (7o" 1 a,7o" 1 &) < C 2di ™ M G Xo (y,^\ iy ). 

Observe that the angles /. y (p/Qy, a),/. y {j\y,b) are at most e~ a ° r . Let us now estimate 
A(w) for w G M. If e is chosen small enough, this implies that Z y ( 7 oy, 7 iy) > l/2e _£r , 
so that 70 and 71 have at most Ce ai£r letters in common, for some constants ai and C 
depending on the bounds of the curvature and of the inner diameter of the fundamental 
domain Mq. Therefore, for a fixed 7 G G, there are at most \ r y\Ce ai£r possible values of 
7 o- For fixed 7 , 70 , 

li{(a,b,9i,9 i+ 1 ) : $(a, b, 0j, 9 i+ i) = 7 ,d(a, 7 0 y) < diam M,d(b,^y) < diam M} 

< CN 2 e~ a °^ y ’ a ' >+d ^ y,b ^ < CN 2 e ~ a °^L 


Since word metric on T and the hyperbolic metric are quasi-isometric, |y| > a±d(y, in) —2. 
Thus 

A(w) < d(y,w)Ce ai£r e 2£r e- aoaidM . 

It follows that there exists R 2 such that if e is chosen small enough and r > R 2 , 


E (fi) < C'e (2+ai)£r / 

J r 

re 

< Ce ( - 2+ai)£r / 

J r 


Re ~ aoaiR G 2 Q (y,z)dR 

JS{y,R) 

Re~ a ° aiR dR < C'e ((3+ai)£ ~ a ° ai)r < 6 


5 (V 


where we used Proposition [2T2] for the second inequality. 


□ 
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Theorem 13.41 follows from Proposition 13.51 by an inductive argument (see also m, 
[GL]). Indeed, let x, y, z , T> be as in Theorem 13.41 A € [0, Ao]. We want to estimate from 
above 

G\{x,z : T>) 

G\(x,y : T>)G\(y,z : T>)' 

Set \H(a, (3) the highest possible value of this ratio for x,y,z,T> as in Theorem 13.41 
d(x, y) < a, d(y, z ) < f3. Assume without loss of generality that a > (3. We claim that 
there is 0 < 1 and R such that, if a,j3> R, 

( 3 . 3 ) *(a,/3) < (l + e a )*(a/2,p). 


It follows that for all (a,/3), 

T(a,/ 3 ) <n fceN (l + @ 2 fei? ) 2 T(2 J R,2i?). 

This shows Theorem 13.41 since the infinite product is converging and T(2 R, 2 R) is fi¬ 
nite. It remains to prove the claim. Consider (x, y , z, D) as in Theorem 13.41 d(x, y) < 
a,d(y,z) < j3 achieving the maximum \k(a,/3). Let x' be the point in the segment [x,y\ 
with d(x',y) = 0.4a. Using (|3.1I) with the sphere 5(x',0.1a) of points at distance 0.1a 
from x', we see that, with w = y or z, we can write, if a > 10 I? 2 ) 

(3.4) G\(x,w:T>) = I G\(w', w : D) dzu^(w') + G\(x, w : T> n B(x', 0.1a) c ). 

J S(x', O.lo) 

By Proposition 13.51 for all A, 0 < A < Ao, 

G x (x,w : T) n B(x r , 0.1 a) c ) < G Xo (x,w : T> n B(x',0.1a) c ) < 2 e_(01 “ ) 

for w = y oi z whereas, by Proposition 13.31 and Harnack inequality (Proposition 12.711 
there is a positive c such that, for all A, 0 < A < Ao, the first term is at least c a . If a is 
large enough, it will suffice to control the first term of (13.41) . 


Consider for any w’ € S'(x / ,0.1a), the point y(w') on the geodesic [w',z\ at distance 
/? from z and the point x'(w') on the geodesic [x, z\ at distance d(u/, z ) from z. Clearly, 

G x (w',z:V) < T(0.5 a, (3)G x (w', y(w') : 2))G A (y(«/), z :V). 

Since d(w', z) > /3 + 0.3a, there is a constant ao depending only on the curvature bounds 
such that 

d(y, y{w')) < e -(°- 3O o«) d(x'(w'),w') < e~^ 3a ° a) 0.1a. 


(0.6 c 


“ 0 “)( 


< 1 + 0q , we get by 


Choosing 6q < 1 such that for a large enough, C*q 
P roposition 12.71 that for all w' € ^(s^O.la), 

G x (w', y(w > ) : 0 J)G x (y(w'),z : D) < (1 + 0%)G x (w', y : 0 J)G x (y, z : T>). 

Reporting in (13.411 with w = z, we obtain, if a is large enough: 


G x (x,z:T>) = / G x (w',z : D) dw^(w')(l + o(9q)) 

JS(x’, 0.1 a) 

< (l + 6g)y(0.5a,P)G x (y, Z :V) [ G x (w', y : V) dw^w'){\ + o{&%)) 

J S(x', 0.1 a) 

= (1 + eg)(l + o(0S))*(a/2,P)G x (y,z : V)G x (x,y : D), 
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where we used (13.41) with w = y in the last line. This achieves the proof of the claim 
and of Theorem 13.41 


We use the following notation throughout this article: ~ a means that the ratios 
between the two sides are bounded by a. 


Corollary 3.6. There are constants Cq,R\ such that, for all A € [0, Ao], all v € M, all 
y,y' 0 Q(g-Riv) and all z € G(g Rl v), 


(3.5) 


G\(y,z ) ~ c ' 8 G A (y,7„(0))G A (7,,(0),z), 


G\(y,z ) ^ C 2 G\{y, r ) v (f))) 
G\(y',z ) G A (y',7„(0))‘ 


Proof. Let y 0 C (g- R v),z € C (guv). If R is large enough, on the geodesic [yz\, the 
closest point w(y,z ) to 7„(0) satisfies d(w(y,z),^ v {ff)) < 1. The first inequality in (13.51) 
follows directly from (13.21) and Proposition 12.71 the second from the first applied to 

y,y'& £{g-Riv)- □ 


3.2. Martin boundary. We now follow Section 6 of jAnSj simultaneously for all A € 
[0, Ao] to obtain Propositions 12.31 12.41 12.51 uniformly in A < Ao- For x,y,z € M, A € 
[0, A 0 ], set 


k\{x,y,z) 


G\(y, z) 
G\(x, z)' 


The function k\(x, y, z) is clearly (A + A)-harmonic in y on M \ {z}. 


Lemma 3.7. There are constants C > 1,K < 1 such that for all geodesic 7 and all 
x,y Q{f/{—2Ri - T)),z,w € C(7(2i?i)), A € [0, A 0 ],T > 0, 


ln k x (x,y,z) 
k\(x,y,w) 


< CK t . 


Proof. It suffices to prove the case T = 2nR\ for n € N. For v € SM, denote 
G±i(v) := C(g-iv) n C(—gi(v)). Fix a geodesic 7 and points z,w € C(7(2i?i)). for 
x,y S C±i(7(—2ni?i)), denote 


k\(x,y,z;n ) 


G\(y, z : e(f(-2nRi - 2 ))) 
G\(x, z : G( 7 (- 2 ni?i - 2)))' 


The following numbers 0{n),6fn) are well defined for n € N and a priori smaller than 
Cg (and larger than (C*!)^ 1 ) independently of A E [0, Ao], the geodesic 7 and z,w € 
C( 7 ( 2 i?i)) by (|33D : 


6{n) : = 


k\(x,y, z\n) 

3/SC±i(7(— 2nRi)) k\(x, y , W , TL ) 


sup 


9(n ) := 


k\{x,y,z-n) 
x,yee±i\T(-2nR 1 )) k\(x, y, w, n ) 


inf 


Let x,y € C±i(—2 (n + l)i?i)). We apply Proposition 18.II with T> = M and the sepa¬ 
rating A = dC(j(—2nRi)). Denote w^,Wy the hitting distributions on dQ( A f(—2nRi)). 
All trajectories from x(y) to z(w) cross 2nR\)), so that we have the following 
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estimates. For simplicity, we omit the domain S(7(— 2 (n + l)i?i — 2)) of the Green 
functions in the following paragraph. 

k\(x,y,z;n + 1) _. = G x (y, z)G\(x, w) - 9(n)G x {x, z)G x {y, w ) 
k\(x,y,w;n + l) ~ G x (x, z)G x (y,w) 

/o,6eae(‘V(-2nfl 1 )) [G x (a,z)G x (b,w) - 9(n)G x (b,z)G x (a,w)] dw^(b)dw^(a) 
fa,bede(j(- 2 n Rl )) G a(o, w)Gx(b, z) dw$(b)dw$(a) 

(c 3 c o) 4 /o,6eae(-v(-2nfl 1 )) G a(2/, o)Ga(®, 6) [G x (a, z)G x (b, w) - 0(n)G x (b, z)G x (a, w)] dadb 

Sa,bede(ff(-2nRi)) a ) G ^ x i b ) G \( a i w)G x {b , z) dadb 

where we used Propositions 13.21 and 13.31 to write the last line. This is possible since both 
functions 


G x (a,z)G x (b,w) - 9(n)G x (b,z)G x (a,w) and G x (a,w)G x (b, z ) 

are positive harmonic in a and in 6 on a neighbourhood of size at least 1 of dQ( A /(—2nRi)). 

Using (13.51) with the point x n := y(—(2 n + we obtain 

k\(x,y,z;n + 1)) 

- — — 9(n) 

k x {x,y,w,n + l) 

(C 8 C 3 C 0 ) 4 J‘a,,bEdc(j(— 2 nR 1 )) G x (x n , a)G x (x n , b) [G x (a, z)G x (b, w) - 9(n)G x (b,z)G x (a,w)\ dadb 

/o,6eae('V(-2nfl 1 )) a)G X (x n , b)G x (b , z)G x (a, w) dadb 

Since the last line above doesn’t depend on x and y, we have, setting C' = (C'sC'aC'o) 8 , 


#(n + 1 ) — #(n) = sup{ 


k X (x,y,z] (n + 1)) 
k\(x, y, w; (n + 1)) 


-9(n)} 


/ ^/. c f k X (x,y,z;(n + l ))) n/ 

< C mt{ -— - 7 -—— 9\n)\ 

k X (x,y,w; (n + 1)) 

= C'(9(n + 1) - 9(n)). 

Applying an analogous argument to the function #(n) — k^yw^(n+ T) > we S e ^ 

9(n) - #(n + 1) < C' (9(n) - 9(n + 1)) . 

Therefore, by adding the two inequalities and multiplying the results, 


9(n) — 9(n) < 


C' - 1 
C" + l 


n— 1 




a - 1 

C" + l 


71 — 1 


Since both k(x,y,z ) and k(x,y,w) are 1 for x = y, 0 < 1 < 6. Since the difference 
#(n) — 9(n ) is small, they are both close to 1 and the ratio is between In# and In#, 
which are of the same order as max{# — 1,1 — #} < 9 — 9. Finally, we obtain constants 
C and K < 1 such that, for all geodesic 7 , all A € [0, Ao], all 1 , 1/6 C±i(j(—2nRi)) and 
z,w € e(j(2R 1 )) 


(3.6) 


ln k x (x,y,z;n) 
k x (x,y,w;n ) 


< CK n . 


□ 
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Observe that the same proof also yields 

Lemma 3.8. There are constants C > 1, K < 1 such that for all geodesic 7 , all A € 
[0, Ao], all T > 1, all z,w € 6 ( 7 (T)), t/ie hitting measure densities w z and w w satisfy, 
for all a € < 96 ( 7 ( 0 )), 

In—(a) < CK t . 


Proof. The proof is the same as the proof of Lemma [3.71 The densities Wy of the hitting 
measure on dQ('y(2(N — n)Ri)) starting from y, y = z or w, satisfy: 


tty (on+i) — / G\ (a n , Gra+i) tty (o n ) da r , 

Jde(^(2(N-n)R 1 )) 


We can define as before 

0 ' n := sup —^(a); 0 f n := inf — -(a). 

aeae(7(2(A-n)Ri) tt w a£de('y(2(N-n)R 1 ) W w 


Replacing G\(a n ,a n+ 1 ) by G\(a n , 7 (( 2 (iV n ) - l)Ri))G x ('y((2(N n ) - 1)R\), a n+ i), we 
obtain as above that 

O'n+l ~&n < C'{0f n+l -ef n ). 

The other inequality and the rest of the proof are the same as in Lemma 13.71 □ 


Proposition 3.9. (1) Let f € <9 M and A < Ao- The following limit exists and defines a 
positive (A + X)-harmonic function 


k\{x,y,0 

which we call the Martin kernel. 


liiri k\(x,y,z), 


(2) Fix x,y € M. There exist a and C 
A € [ 0 , Ao], 

ln k x (x,y,£) 
k\(x,y,r )) 


= C'(max{d(x, y), 1 }) > 0 such that for any 

< G(d x (C,rj)r, 


where d x is the Gromov metric on dM. Moreover, for fi < a, the function A <-)■ k\(x, y, £) 
is continuous from [0, Aq] into the space of fi-Holder continuous functions on dM. 


Proof. (1) It suffices to show it for a fixed x = xq and a sequence z n — >• £. Let 7 be the 
geodesic going from xq to f. There is T such that xq, y fL 6 ( 7 (T — 2R\)). As n —>• 00 , 
z n € C( 7 (T n + 2i?i)), with T n —>• 00 . By Lemma 15771 the sequence k\(xo,y, z n ) converges. 


(2) Let 7 be the geodesic such that 7 ( 0 ) = x, 7 (+oo) = £. There is <5o depending only 
on the curvature bound such that if the Gromov distance d x {fi,rj) is smaller than 6q, 
then there is T = —C ln d x (fi, rj) such that £, 7 lie in the closure of 6 ( 7 (T)). We choose <5o 
small enough so that T > ma x{d(x,y), 1} +4i?i. Then, Lemma 13.71 applies to the limits 
k\(x,y,f) and k x (x,y,rj) so that 


where a 


In k x {x,y,£) 
k\(x, y, rj) 
-ChiK > 0. 


< C(d{x,y))K ^ clnd *«■’»)) 


ciMMT, 
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As A varies, by Lemma [3.71 the functions k\(x, y, z) are uniformly ct-Holder continuous 
on a neighborhood of f in M U dM. Moreover, k\{x, y, z ) —>• k\ 0 (x, y, z) as A —>• Ao- The 
continuity in A follows for any (3 < a. □ 


For x,y,z € M, denote 

Qx(vi z ) 


G\(y,z) 

G\(y,x)G\(x,z)' 


Proposition 3.10. Fix x € M, f y £ dM. As y —» £, 2 —>• rj, the following limit exists 
and defines the Nairn kernel 9 x (£,rj): 


6x(£,;V) ■= lim 6*(y,z) 

y^£,z^ri 


G\(y,z) 


lim 

y^t,z-n ? G\(y, x)G x (x, z) 


The limit is uniform in A on the set of triples (x,£,rj) with d x (£,rj) bounded away from 
0. For v € SM, set 9\{v) := 9^^(v~ ,v + ). Then there is fi such that the mapping 
A (->• 9\ is continuous from [0, Ao] to the space of (3-Ftolder continuous functions on SM. 


Proof. Observe first that, by urn for d x (y,z) = d(x,z) + d(x,y) — d(x,z) bounded away 
from 0, the functions 9 x (y,z) are uniformly bounded. As before, by (|3.7lh the functions 
y,z 9*(y,z) are uniformly a-Holder continuous in y and in z as long as d x (y,z ) 
remains bounded away from 0 and 9 x (y, z) 9 x °(y, z) as A —>• Ao- The convergence and 
the continuity follow. Observe also that the function #^q)(u _ ,u + ) is T-invariant and so 

9\ is indeed a function on SM. Since d 7 _( 0 )(F - ,u + ) = 1, the mapping A >->■ 9*_, 0 Jv~,v + ) 

is continuous from [0, Ao] to the space of /^'-Holder continuous functions on SM endowed 
with the metric coming from the identification with dM x dM x M for some f3' < a. This 
identification being itself Holder continuous ([AnS] Proposition 2.1), the last statement 
of Proposition 13.101 follows. 

□ 


For v € SM, x € M , £,77 € dM, we set 
(3.7) 9(v) := 9 Xo (v), 9 x (f,rj):=9^°^,r]). 

Fix x,z € M,d(x,z ) > 1. The functions x i->- k\(x,y,f) and y i->- k\{x,y, z),f S dM 
are A + A harmonic in y in a neighborhood of x. Let v € S X M. The directional 
derivative d v k\{x ,., z) exists. Since k(x,y,z ) is a harmonic function of y away from 
2 , by Proposition 12.71 \d v In k\{x, y, z)\ y = x \ < In Co where the constant In Co does not 
depend on A € [0, Ao]. Following jHll Lemma 3.2, we have: 

Proposition 3.11. For fixed xq € M andv € S X M, the mapping f i->- cfik\(xo,y,f)\ y=xo 
is a-Holder continuous, uniformly in A € [0,Ao],u € S X M. In particular, there is (3 > 
0 such that the function A 4 is continuous from [0, Ao] to the space of f3-Holder 
continuous functions on SM, where, for v € SM, $\(v) is defined by 

$\{v) ■= ^lnfc A (7jr(0),.,7^(+oo)) = lim - In k x {jv(0), 7?(e), T«(+oo)), 

e ->0 £ 
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where v is a lift of v. 


Proof. Let x £ := exp x {ev) and take z,d(x,z) > 2. We have, for v G S X M: 

o, , n ,i n v e~ x {G\{x e ,z) - G x (x,z)) + In C 0 G x {x,z) 
d v k x (x, .,z) + In C 0 = lim-—---. 

£-^0 Cjr\\X^ZJ 

Let 7 be a geodesic with 7 ( 0 ) = x. For T > 2 such that z,w G G(j(T)), and for e < 1, 
we can write 


G x (x £ ,z ) - G x (x,z) 


+ ln C 0 G x (x,z) 


G x (x £ , a) - G x (x,a) 


and 


7(2)) L 

G x (x £ ,w) - G x (x,w) 


+ In C 0 G x (x, a) 


w z (a) da 


+ lnC 0 GA(x,u;) 


L 


96(7(2)) L 


G x (x £ ,a ) - G x (x, a) 


+ In C( } G x (x. a) 


w w (a) da, 


where we wrote the hitting measure on 96 ( 7 ( 2 )) starting from y = z or w as 'ojy(a) da. 
As e —>• 0 the expression between brackets is positive, converge towards d v G x (x,a) + 
In CoG^a;, a) and is dominated by 2 In CqG x {x, a), which is integrable with respect to 
w z (a)da and m w (a)da. Since z,w € 6 ( 7 (T)) we have, by Lemma 13.81 that for any 
a € 96(7(2)), 

In— (o) < CK T . 
zu w 

By choosing the best possible T such that z,w € G(j(T)), we obtain that for any 
a G 96(7(2)), 

W z 
ZU lr 


(3.8) 


-(a) r^ c ( d ^( z ’ w )) a 1 , 


if d x (z,w) is small enough. The estimate (13.81) is preserved in the integral and in the 
limit as e —>• 0 so that 


d v k x (x ,., z) + In Cp c(d x (z,w)) c 


1, 


d v k x (x,.,w) + In Co 

if d x (z,w) is small enough. This proves that the mapping £ i-a d v k x (x, .,£) is a-Holder 
continuous, uniformly in A G [0, Aq],u G S x M. The other statements of the Proposition 


follow. 


□ 


Corollary 3.12. Set P(Xo) for the pressure of the function ip Xo := — 23%. Then, 

P{ A 0 ) < 0. 


Indeed we know by Corollary 12.111 that the pressure of the function <p x is negative, 
and by Proposition 13.111 that the mapping A eA <p x is continuous at Aq. 
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Corollary 3.13. The measures and the normalising constants fi A , Y A are continuous 
functions of X as A —» Ao in [0, Ao]. 

Proof. Indeed, the measures g\ 0 satisfies the conditions in Proposition 12.61 and 0 Ao 
satisfies the expression (|2.9D . Since all the functions involved are continuous by Proposi¬ 
tion [3T9] and Proposition 13.111 Corollary follows. The argument is the same for Y A . □ 


We can now prove Theorem 11.31 giving the exponential decay of G\ 0 (x,y) with the 
distance. More precisely, we have: 

Proposition 3.14. Let To := inf{ / <&\ 0 dm}, where the infimum is taken over all g- 
invariant probability measures. Then, tq > 0 and 

lim - —lnma x{G\ 0 (x,y) : d(x,y) = R} = t q . 

R—>og n 


Proof. First we prove that To > 0. Suppose mi attains sup f ip Xo dm. Suppose f ip\ 0 dm\ > 
0. Then h mi + f <p\ 0 dm± > 0. However, we know that P((p\ 0 ) < 0, thus h mi = 0 and 
f (p\ 0 dm i = 0, and therefore mi is the equilibrium state of (p\ 0 . This is a contradiction 
since h mi > 0 if mi is the equilibrium state of the Holder continuous function (p\ 0 . This 
proves that sup{ f </? Ao dm} < 0 and thus that To is positive. 

Let 0 < t' < To- We have 

lim -j-P(-t4> Ao ) = -t 0 , 

t—yoo t 

so we can find T large enough that — P(—T&\ 0 ) > Tt'. By Corollary 12.141 we get that 
there exists a constant C(T) such that for all /?, > l,x € M, 


e -RP{-T®x 0 ) 


' S(x,R) 


Gl 0 (x,z) dz 


< C(T). 


Set t(R) := max{—^ In G\ 0 (x, z) : d(x,z) = R}. By compactness, there exist x,y with 
d(x,y) = R and G\ 0 (x,y) = e ~ Rr ^ R \ We have, for 2 € S(x,R),d(y,z) < 1, 

G Xo (x, z ) > Cf ] e- Rr(R) and thus G t Xq [x, z) > CQ T e~ TRr ^. 

Therefore, we have for all R > 1, 

C(T) > e RTr ' [ Gl 0 (x,z)dz > Cf T e RT{ - T '- T{K)) . 

J S(x,R)nB(y,l) 

This is possible only if liminfu T(l?) > t'. Since t' < tq was arbitrary, this proves that 


lim inf - — In max{G Ao (x, y ) : d(x, y) = R} >t 0 . 

R —>-oo H 


Conversely, for all e > 0, there exists a closed geodesic of length £, say, such that for 
v tangent to that geodesic, 



0 {g s v)ds 


< 


(t 0 + e)L 
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Let v be a lift of v. The geodesic 75 ; is a periodic axis and for all j £ N, 

+ l)^),7£r(+°°)) < e (ro+eK . 


By Lemma 13.71 we have: 


Gx 0 ('rvUi), r rv{N£)) > 
Gxoi'jvdj + iy),Jv(N£)) 

and therefore 


(l + CK( n ~M) { 1] 


Gxg (7g(0); 7 v(N£)) _ -r-r Gx 0 {'yv(j£) 1 'yv(N£)) _jv( T0+£ )f 

gxmu + mMm) ~ 


This shows that, for all e > 0, 


lim sup — — In max{GA 0 (x, y ) : d(x, y) = R} < To + e. 

R —>00 ■R 


□ 


Lemma 3.15. There exists C > 0 such that for any A £ [0, Ao] and, x,f,r], there exists 
Xfl € [£, 77 ] such that if y is in the geodesic ray from x to f, then 


kx (x,y,ri) 
kx(x,y,0 


< Cmm(l,Gx(y,x 0 ) 2 ). 


Proof. We first claim that by A-hyperbolicity, there exist points xo £ [£, 77 ], a: 1 € [x, 77 ], X 2 £ 
[y,rj\,x 3 £ [x,£] such that the distance between them is bounded above by 35. Indeed, 
for x 1 in the geodesic from 7 to £, the distance function x’ i-A d{x', [x,£]) is a decreasing 
function. Let x' the first point where d{x', [x,£]) < 5 and choose xq £ [x',??] to be the 
point A-apart from x'. By definition, 5 < d(x 0 , [x,£]) < 25, thus there exists X 3 £ [x,£] 
of distance 2A-close to xo- Choose xi € [x,rj\,x 2 £ [ 77 , 77 ] A-close to xo- The claim follows. 

Now choose @0 such that if Z x (f,y) < 6 q, then x is i?o-apart from xo,-- - ,X 3 . By 
Theorem 13.41 (which gives estimates up to C\) and Harnack inequality (which gives 
estimates up to Ch) , the following estimates follow. 

Let [x,£] 9 w -9 £ and [x,^] 9 z -9 77 . Let us write G(x,y) = G\{x,y) for simplicity. 

(1) If d(x, y) < d(x, X 3 ) — Ro — 35, then 

kx{x,y,z) = G(y, z)G(x, w) ^ Cl c H ) 4 G (y, x 0 )G(x 0 , z) G(x, x 0 )G(x 0 ,w) = 
k\(x, y, w) G(x, z)G(y, w) G(x, x 0 )G(x 0 , z) G(y, x 0 )G(x 0 ,w) 

(2) If d(x, y) > d(x, X 3 ) + Rq + 3A, then 

k x (x,y,z) ^(CiC H ) 4 g (s/> z) G(x, x 0 )G{x 0 ,y)G(y, w ) = 2 

k x (x,y,w ) G(x,x 0 )G(x 0 ,z) G(y,w ) XQhV 

(3) If |d(x, y) — d(x, X 3 )| < Ro + 35, then 

kx(x,y,z) = G(y,z)G{x,w) ~ Cl c% G (y,z) G(x,y)G(y,w) = 

kx(x,y,w ) G(x,z)G(y,w) G(x,y)G{y,z) G(y,w ) 
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For x,f,r] such that Z x (£,rf) > do, if d(y,x) > Ro and d(y,x 2 ) > Ro, then 

k\(x,y,z) _ G(y,z)G{x,w) _ c? G(y,x 2 )G(x 2 ,z) G(x,y)G(y,w) C l c 2 /., n 

k\(x,y,w) G(x,z)G(y,w ) G(x,z) G(y,w ) 

Otherwise, d(x,x 2 ) and thus d(y,x),d(y,x 2 ) are all bounded by a constant depending 
on 6q, thus the Lemma follows from Proposition 12.71 □ 

Remark 3.16. Note that from the proof, if the angle d between 77 and £ is bounded 
away from zero, then d(x, xq) is bounded above. 


Now let us prove Theorem 11.41 Recall that Martin compactihcation of the operator 
A + Ao is given by all possible limits of k\ 0 (x,y,z) as z — » 00 . Proposition 13.91 and its 
proof show that there is a continuous mapping from the geometric compactihcation of M 
onto the Martin compactihcation. So it suffices to show that this mapping is one-to-one. 
If V 7 ^ £, by Lemma 13. 151 k Xo (x,y,ri)/k Xo (x,y,£) —>• 0 as y —>• £ and thus k Xo (x,.,f) does 
not coincide with k\ 0 (x, ., 77 ). 

The decomposition of positive (A + Ao)-harmonic functions follows then by general 
Martin theory. 

Since by Proposition 13.141 G Xo (xq, ■) goes to 0 at infinity uniformly, we get the fol¬ 
lowing estimate for small d(x,y): 

Corollary 3.17. There is a constant C such that for 0 < d(x,y) < 1, 

(3.9) 

C~ l < (d(x, y)) m - 2 G Xo (x, y) <C form > 2, C _1 < <C form = 2. 


*1 poo 

o X 0t f „(+ ~ n,\ r1+ -L / «Aot, 


Proof. Observe that, for x 7 - y, 

G\ 0 (x, y) = J e Xot p(t,x,y)dt + J e* ot p(t,x,y) dt 
and that the last term is uniformly bounded for d(x, y) < 1 : 

poo p 

/ e Xot p(t,x,y)dt = e x ° lp(l,x,z)G Xo (z,y)dVol(z) 

J 1 JM 

= e x ° [ p(l,x,z)G\ 0 (z,y) dVol(z) + e x ° f p(l, x, z)G Xo (z, y) dVol(z) 

Jb(x, 2) JM\B{x, 2) 

< e A ° max p(l,x, z) / G Xo (z,y) dVol(z) + e x ° max G Xo (z,y). 

B(x,2) J B(v, 3) d(z,y)>l 


We used Lemma IQ to bound uniformly ^ G Xo (z, y) dVol(z) and Proposition 13.141 
to show that max l j ( Zi!( )> 1 G Xo (z,y) < 00 . 

Since the curvature is bounded, it follows from [Mv] that for 0 < t < 1,0 < d(x, y) < 1 


p(t,x,y){A’nt) m ^ 2 e ( 4 * b) 1 . 

Corollary 13.171 follows by integration in t. 


□ 
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Corollary 3.18. There is a constant C such that for 0 < d(x,y) < 1, 

/ G\ 0 (x k ,z)G\ 0 (z,y)dVol(z ) < CG\ 0 (x k ,y) 

JB(x k ,4) 

Indeed, by Corollary 13.171 it suffices to show that there is a constant C such that 


r d\ol{z) 

< 

C 

for m > 2, 

Jb(x, 4) (d(x, z)d(y, z)) rn ~ 2 

d(x, y ) m ~ 2 

/ lnd(x, z) ln(dy, z) dVol( 2 ) 

< 

C\ \nd(x,y)\ 

for m = 2. 

Jb(x, 4) 




The statement reduces to the Euclidean case, 

where it can be 

shown by direct cornpu- 


tation. 


4. Renewal theory 

In this section, we use uniform mixing of the geodesic flow gt we obtained from Sec¬ 
tion [7] to control the convergence in Proposition I2.1UI as A goes to Ao- Throughout the 
section, let us denote y(t) := 1 for \t\ < 1/2 and 0 otherwise. Let X5'(t) = x(t/d')- Let 
if{t) := maxjl — |t|, 0 }. 

Thanks to Proposition 13. Ill for A close to Ao, the functions ip x are close to </?a 0 in the 
space X a of a-Holder continuous functions, for some a > 0 (see Section [77T1 for definition 
of % a )- We can therefore apply Proposition 17.31 and Corollary 17.41 to the equilibrium 
measure m x associated to to obtain the following propositions. 

Proposition 4.1. There exist a > 0 and 5o > 0 with the following property. For every 
e > 0, /, h E positive a-Holder continuous functions, there exists to = to(f,h,e), 
such that for t > to, for any A € [Aq — Ao], 



o g t dm\ 


l+£ 




h dm\. 


Indeed, to depends only on (e, ||/|| Q , 1111 q. , inf^ f f dm\,m.i\ f hdm\), in particular is 
independent of A £ [Ao — do, Aq] • 


Proposition 4.2. There exist a' > 0 and <5q > 0 with the following property. For 
every e > 0, f,u,h € % a / positive a'-Holder continuous functions, there exists t' 0 = 
t' 0 (f, u, h, e), such that for t > t' 0 , for any A € [Aq — , Aq], 


1 

t 



f ■ (uog s )- (hog t )dm x 


ds 


,l+£ 


/ 


f dm\ / udm x / hdm\. 


Indeed, t' 0 depends only on (e, ||/|| a ', |M|a', IN la-', inf a / / dm x , inf a / u dm x ,\n{ x f hdm x ), 
in particular is independent of A S [Aq — d' 0 , Aq]. 
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4.1. Integral on large spheres with respect to Green functions. Let us introduce 
some more notations: for x 7 ^ z € M, denote by vf the unit vector in S Z M pointing 
towards x. The mapping z >-)■ vf identifies M \ { x } with a subset of SM. 

Theorem 4.3. Given e' > 0 and positive Holder continuous functions f, h on SM, there 
exist R(f,h,e') and 5(f,h,e') such that if R > R(f,h,s') and A £ [A 0 - d(f,h,£'),\ 0 \, 
for all x € M, 

(4.1) e~ RP W [ f(pv y )h(pv x )G 2 x (x, y )dy ~ (1+£ ' )3 
J S(x,R) 

/"_/(p o ^x 1 0d/Jx(0 [ ( [ ~h(p O dVol(y). 

JdM Jm 0 \JdM J 


The rest of Section 14.11 is devoted to the proof of Theorem 14.31 

Fix /, h positive and Holder continuous. We choose 6' 0 > 0 such that, if R > 1 and 
\R — R'\ < S' 0 , then, for all x € M and A E [Ao — 5(f, h,e'), Ao], 

(4.2) 

e ~RP(X) f f(p V y) h (pv x v )Gl(x,y)dy^+e' e -R'P(x) f f(p V V x )h(pv*)C? x (x,y)dy. 


' S(x,R) 


Then 


S' (jgp ~( 1+£ ') 2 [ X5'(s- R)e~ sPW 

Jr 


l S(x,s) 


1 S(x,R') 


f (P v x)h(P v y)G x (x,y)dy ds. 


fx6'(d(x,y) -R)e d ^ y)PW f(pv y )h(pv x )G 2 x (x, y)d\o\{y) 
Jm 


^2 X6'(t- R)f{y)h{-g t v)e tP{X] G 2 x {^(f)),^(t)) ] dVol(y). 

/M ° \{(v,t):v€S px Mng-tS py M} 


Recall from Section [2] that 

dpX 


dg-tPx 


;(v) =e <P(A) ^A(75jW,7F(0),7r(oo))- 


By Proposition 13.101 for given e, if R is large enough (depending on e) and \t — R\ < 
5' < 1, 


dp 


*—(v) = e~ tp(A) lim 

. . UU v / ~ 1 


G 2 ( 7«(0)>z) 


G 2 X ( 7Er(0),7Ef(i)) 


dg-tP-T'"' “ z ^ + G l('yv(t),z)Gl(^(0), 77 (f)) 

~ 1+£ e~ tPW 0l(gtv) G 2 X ( 77(0), 7?W), 

where the approximation is uniform in gtv and A. Therefore, when replacing 

1 dpff 


0\{gtv) dg-tPx 


;(v), 


e tPW G 2 x ( 7y(0),7 ? (t)) by 
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for R large enough and \t — R\ < 5' , uniformly in x, y and A, we loose a factor (1 + e')^ 1 . 
Remark that 0 x (v) = 6 x (—v). 

We are reduced to show: 

Proposition 4.4. Given s' > 0 and positive Holder continuous functions f, h on SM, 
there exist Rq = Ro(f, h, e'), 5 = 5(f, h, e') > 0 and 5' , 0 < 5' < 6' 0 , such that for R > Rq, 
all x,y G M and all A € [Ao — 6, Ao], 

J2 X8'(R-t)f(v)(8- 2 h)(-g t v)—±—{v) 

{(v,t):veS px Mrg-tS py M} U t ^ X 

~ 1+£ ' n x 5' ( [ f(v)d»T(v)) ( [ h(-u)dgf( u )) . 

\JS pX M ) \JSpyM ) 

The last line in Proposition 14.41 is the same as 

lf{p°Kf l f)d^(f) [ h{p 

JdM JdM 

by flZIZP and ff2Td| . 

Theorem 14.31 follows from Proposition 14.41 and the previous discussion by integrating 
the approximation in y over a fundamental domain Mq. 


Proof. We combine ideas of [Ml] and Section III in [LI]. Choose e such that (1 + e ) 62 < 
1 + e'. Proposition follows from Proposition 14.11 applied to the non-negative Holder 
continuous functions F X1 H X with the property that there exist constants C, a, (3 q, /3 ' 0 ,7 
such that for all x,y G M and all A G [0, Ao], the following (l)-(5) holds. 


(1) \\F±\\ a <C,\\H±\\ a <C, 

( 2 ) fF±dm x > C-\fH±dm x > C~\ 

(3) 


( 4 ) 


< 


< 


n x 5'/3 0 (l + e) 14 f f(v)dp x u (v) < f F x dm x 
J S px M J 

[ F x dm x < n x 6'p 0 (l + e) 14 [ f{v)dp x u (v). 

J J S px M 

^A7/3o(! + CT 14 [ h(-u)dn x (u ) < f H~dm x 

J Spy Ad J 

f H+dm x < H A 7/3q( 1+ e) 14 f h(-u)dg x {u). 
J J S VV M 
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(5) There is R(e) such that for R > R(e ), 

(1 + e) -32 J Ff Hf o g R dm\ 

rln uu 

< ^2 XS'(R-t)f{v)(d~ 2 h)(-g t v)- — ^(v) 

{(v,ty.veS px Mrg- t S py M} 9-t^x 

< (1 + £ f 2 j F^H+og R dm x . 


We choose 6' < 6' 0 and such that, for all £ € dM, all A £ [0, Ao], all 

&J. V } ,k\(x, x> ,£),e~ p P( x,x ~ 1+E 1 for d(v, v') < 25', d(x, x') < 25', 

6 A [v) 

where P := inf P( A) < 0. 

Ae[o,A 0 ] 


The functions F x (v),H±(u) will approximate 6 X 2 f(v),0 x 2 h(—u) respectively, on the 
^-neighborhoods N$(S px M), N$(S py M) of S px M, S py M , respectively. 

For w € Ns'(S px M ), there exist a unique v £ S px M, and v' £ Wff c (v),t such that 
v' = 7 tw. Similarly, if w € N^SpyM), then there exists a unique triple (u,u',s),u € 
S py M,u' £ such that v! = g s (w). 


By the Holder regularity of the strong stable and the strong unstable foliations, the 
systems of coordinates (v,v',t) (respectively (u,u',t)) are Holder continuous, uniformly 
in x and y. 


Step 1. There exist fio,/3' 0 > 0 and non-negative Holder continuous functions a±,b± 
supported on NsS px M, N$S py M, respectively, such that for all v £ S px M and u € S py M, 

(4.3) [ a±{w) dg, s x (w) = /3 0 (1 + e)^ 1 , [ b±(w) dgf u (w) = $,(1 + e) ±1 . 

J W t Z(v) 

Moreover, the Holder exponent and the Holder coefficient of a±,b± are bounded uni¬ 
formly in x, y, A. 


Lemma 4.5. Let 



The map (r,v, A) i->- h r)V) \ is continuous in r,v and A. For a fixed r, the function 
v i->- h TtVt x is Holder continuous, uniformly in A £ [0, Ao]. As r varies from 0 to 5', 
the function r h rv \ is increasing and admits right and left derivatives that are are 
bounded below by a positive constant uniformly in v, A and r away from zero. 


Proof. The continuity is as in Margulis’s Lemma 7.1 in |M2j (p. 51). The proof also 
yields Holder continuity in v. Indeed, Wff c (y) depends on v in a Holder continuous way 
and if v\,v 2 are close, the holonomy H 2 from Wj s f c (v \) to Wff c (v 2 ) is Holder continuous, 
and satisfies for v \, v'{ £ Wff c (v i), 

d(v 2 ,H 2 Vl ) < C(d(vi,v 2 )) a , and \d(H 2 v[, H 2 v'() - dfv^v'f )| < C(d(v[,v'l)) a . 
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Moreover the logarithm of the Radon Nikodym derivatives of the measure (H 2 )*^^^) 
with respect to is also, uniformly in A, proportional to (d(v 2 , H 2 vi)) a (Proposi¬ 

tion E2D- Since d(v 2 , H 2 v 1 ) < C(d(v 1 , 112 ))“, we can report in the definition of h r>Vi \ and 
see that, for v\,v 2 close, 


I hr, vi,A ^r,v2, A | < C(r)(d(v 1 ,v 2 )) a , 

where the constant C(r) is uniform in A E [0, Ao] and goes to infinity as r —>• 0. 

Direct computation shows that, as r varies from 0 to S', the function r H > h r . v .\ is 
increasing and admits left and right derivatives given by 


— h I 
g r n r, v ,X\r- 


Ihn f —d S s(v,v')xd(v,-)<r'W) d/J-xW) 

r'<r,r'^fr r 

loc ' ' 


and 

d f 1 

~^rhr, V ,\\r+ = / ~d ss (v,V )Xd(v,-)<r( v ) ^/^A )• 

dr J W ss {v) r 

In particular, the derivatives are bounded from below by a positive constant uniformly 
in v, A and r away from 0. □ 


For given /?, choose r x (v,/3) such that h r ±( v p) v \ = /3(1 + e) ±:L . Now choose /?o so 

that r^(u,/?o) < s5'/2 for all v and A. Set r x (v) := r x (v,fio). By the Implicit function 
theorem with Holder coefficients, the functions r x (v) are Holder continuous uniformly 
in A for A E [Ao — 5(e), Ao] and v. 


Now for w 


(v,v',t) € Ns(S px M), A E [A 0 - 5(e), A 0 ], define 


“aH = 


/ d ss (v,v') \ 

V r±( y ) ) ' 


Properties similar to Lemma 14.51 holds for the function 

(r,u,A) i— h r u \ = [ t/j ( duu ^ u ' u A dnl u (u), 

JW%{u) \ r ) 

thus we can define r x (u) analogously: j3' 0 is chosen so that r x (u,/3' 0 ) < e5'/2 and r x (u) 
is such that h r ±^ u A = / 3 g(l + e) ±x . For w = (u, u', s ) E N 1 (S py M ), define 


= '!> 


d U u(u, u ) 

(u) 


„± 


The functions a ± ,b ± satisfy the properties of Step 1. □ 

Step 2. Definition of F X ,H X and Property (1) 

Consider Lipschitz continuous X±(t) on ^ such that, for all t E M, 

X(i+ e )-a (t) < X-(t) < X(i +£ )-i (t) < x(t) < X(i+e)(t) < X+(t) < X( 1+£ )2 (t). 
Now for w = (v,v',t), define 


F \(™) = X±(t/5')a±(v')(e x 2 f)(v) 
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and for w = (it, u',s), 

= X±(s/x)b±(u')(9^ 2 h)(-u), 

for some 7 < S'e/2. 

Recall that the systems of coordinates ( v,v',t ) and ( u,u',s ) are Holder continuous 
uniformly in x and y. The functions F^,H± in those coordinates are compositions of 
Holder continuous functions (i/j, /, h ) and of the functions r± that depend on v in a 
Holder continuous way, uniformly in A € [0, Ao] by Step 1, which proves Property (1). 

Step 3. Properties (2), (3) and (4) 

Recall that under Hopf parametrisation introduced in Section [2j if we let xq = x , the 
lift fh\ of m\ to SM is given by 

dm x (C,V,t) = x d^{rj) x dt}. 


Consider w = w(£,r],t) close to S X M and write the coordinates (v,v',t) of w = pw 
as: 

v=p{iv' =p(W ss (n- 1 (r])) n^j), t = t. 

In particular, w is close to v and 

6x{t,v) = 8\(™)k\(x,p(w),£)k x (x,p(w),ri) ■~ (1+e)2 6 x {w) ■~ (1+e)3 9 x (v), 

and 

e ~ p W(Z,v)x ^(i+e ) 2 l 


We see that the measure fh x has a density ~( 1+£ ) 8 £l x Q~ 2 (v ) with respect to the 
product measure dfj, x (^) x dfi x (rj) x dt. The mapping £ i-a v' sends the measure dp x to a 
measure with density 1 with respect to the measure d/i| s (i/). This implies that 

we can write, in the neighborhood of S px M, the measure m x in the coordinates (v,v',t) 
as 


dm x (v,v',t) ~( 1+£ ) 12 n x 0l{v)[dpLl u {v) x dpL s x s {v') x dt]. 


Since <5'(1 + e) 1 < f X- {jr) dt < f x+ (y) dt < 5'( 1 + e), it follows that 


j F+(w,\)dm x < (1 + s) 12 n x j x± (Jfj dt ^ 


W t Z{v) 


af(v') dy x {v') f{v)dpl u (v ) 


and 


< (1 +e) M n x 5'pJ f(v)dfil u (v), 

J SpxM 

F x (w, \)dm x > (1 + £y M tt x 5'/3 0 f f(v)dp. x u (v). 

•I SpX Ml 


Similarly, in the ^'-neighborhood of any lift of S py M, we have, in the (it, it', s ) coordi¬ 
nates, u € S y M,u' € |s| < 25', 

dm x (u,u',s ) ~( 1+£ ) 12 £l x 9l(u)[dy™ u (u') x dy s x (u) x ds]. 
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The analog computation yields that 

(1 + £) - 14 0 A 7/5o [ h(-u)d^(u) < f H^dmx 

J Spy Ad J 

< [ H^dmx < (1 + e) 14 n A 7/3o f h(-u)dp s x{u). 

J J Spy Ad 

This shows Properties (3) and (4). Property (2) follows as f fdg^ u and f hdpj/ are 
bounded away from 0, uniformly in x,y and A € [0, Ao] by Corollary 12.81 

Step 4■ Property (5) 

Suppose F-(w)H~(g R w) / 0. Set w = (v,v',t) and g R w = ( u,u',s ), where v € 
supp f,uE supp h, v' is in the (^-neighborhood of v in VF ss (u) and v! is in the 
(u)-neighborhood of v! in W uu (u) with |f| < S'/ 2 and |s| < 7 < S'e/ 2 . 

Since w is close to x and g R w is close to y, the geodesic from x to y remains close to 
the geodesic segment {gtw : 0 < t < R}. In other words, there is a unique vq € S px M 
such that {gtv 0 : 0 < t < r} remains close to {gtw : 0 < t < R}. 



Thus 

I" Ff{w) H f{g R w)dmx= ^ f 0^ 2 f(v)d^ 2 h{-u)x±(t/S')x±{s/l)a±(v')b±(u')dmx 

J ( vor ) J {9tw}^nea,r{g t v 0 } r 0 

By triangular inequalities on points in Figure [21 

l-R — r\ < |s — t\ + S'e < (1 + 3e/2 )S'. 

Now fix such (vo,r) and calculate the contribution of J F±(u>)H^(g R w) for w close to 
vo- 

Consider the closed path in SM near y in Figure [3] consisting of vectors 

9rvq, gRV , g R v', g R w, u', u, g r v 0 - 

Then 

d(g R vo,g R v) < d(g R v,g R v') + \t\ + |s| + d{u',u ) + d(u,g r v 0 ) + d(g r v 0 , g R v 0 ) 

< e~ Ra °r^(v) + \t\ + |s| + r ][" (u) + diam(S py M ) + \R — r\ 

< e - Ra °£5'/2 + S' + 7 + eS'/2 + C + S'{l + e)<C 
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Figure 3. SM near y 

It follows that the distance between vq and v along the unstable direction is bounded 
above by e~ a ° R C. Since S px M is ei-transversal to W ss (v ) (for some E\ independent of 

v), 

d(v 0 ,v) < e~ a ° R C'. 

Let us choose Rq large enough so that if R > Rq, then d{vo,v) < 6'. 



Figure 4. SM near x 


Similarly, considering a closed path in the Figure |4] d(g r _RVo, g~Ru) < C, thus 

d(g r vo,u) < e~ Rh C' < 5'. 

Choose another system of coordinates W uu x W ss x R for w near vq as follows : 

w = {u ", v", t), 

where u" and v" are the projections of v' on W uu {v o) and IF ss (uo), respectively, and t is 
defined as above. Since v,v' are (5'-dose to u",v", respectively, the measure m\ satisfies 

(4.4) dm x (u",v",t ) ~( 1 + £ ) 16 £l x dl(v)[dnl u (u") x dg{ s {v") x dt]. 

Note that, for fixed v, v', u, v! , the distances d(irv, iru) = r and d(nv', ttu') = s + R — t 
are fixed. We are reduced to compute 


Ha 


X±(,t/6 , )x±(s/'y)dt 


a ± (v , )b ± (u')f(v)e^\(-u)d^il s (v , ')d^^T(u ,, ). 
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Let us first estimate the integral with respect to t. From F x (w)H x ( gRW) / 0, by 
triangular inequality, 

d(y' , g~RU') < d(v',w) + d(w, g-Ru') < 5' /2{1 + e) + 5'e/2(1 + e) = 5' /2 . 

Clearly f X -(t/S')x-(s/j) dt < J x+(s/-/)ds = (1 + e) 2 7- 
On the other hand, d(v ', g-Ru') < 5 '/2 implies that 



Since v" is <5'-close to v', we have 



Indeed, the change of variables from v" to v' is done by sliding along the central unstable 


manifolds between two close pieces of strong stable manifolds and the Radon-Nikodym 
derivative is 



We obtain, independently of v! and t that 



In the same way we have, independently of v",t: 



since u”,u' are <5'-dose to vq and g r v o, respectively. Altogether, we get for each (v,t) 
with v € S px M n g-tSpyM for some t,\t — R\ < 5'/ 2 a contribution C±(v. t) to the 
integral of F x H _ o gR, F + H + o g R satisfying: 


Hn uu 

(4.5) (l + e) _32 C_(u, t) < tlxl*PoP'of (v){0 x 2 h)(—g R v) x (y) < (1 + e) 32 C + (v,t). 

ag-tFx 


Summing all these contributions for all relevant pairs (v,t), we obtain Property (5). 


Step 5. End of the proof of Proposition \4-4\ 

By Properties (1), (2) we can apply Proposition 14.11 and find Ro,5q independent of 
A, x, y such that for R > Rq, A € [Aq — <5q, Aq], 
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We get 

^VrA)/3o XS’{R-t)f(v){6~ 2 h){-g t v)- —^(v) 

{(v,t):veS px Mng-tS py M} 

~ (1+e)61 ^'PolP'o [ f{v)dnl u (v) [ h(-v)d/j, s x s (u), 

J SpxM j SpyM 

which the statement of Proposition 14.41 after dividing both members by C 


4.2. Convergence of measures. We state in this subsection several consequences and 
variants of Theorem 14.31 which will be used in the next Sections. Set 14 := 14 Ao and 
T := T Ao . 

First, observe that the expression (14.11) is continuous in A as A —>• Ao by Corollary [3T3J 
By choosing 4i = 5\(f, h,e) such that for A € [Ao — <5i, Ao] 

^ f ^f(P O 7 T x l ^) d dx °(0 [ ( lh{P°^y l C)dgl 0 {C)] 

JdM JM 0 \JdM J 

■~ (1+£) n x [_f(poir- 1 £)dn*(tj) f ( (h{jp oTT^Odfiyio'] , 

JdM JM 0 \JdM J 

we obtain, with the notations of Theorem 14.31 


Corollary 4.6. Given e' > 0 and positive Holder continuous functions f,h on SM, 
there is R(f, h, s') and S(f , h, s') such that if R > R(f, h, s') and Xq — X < 6(f , h, s'), for 
all x € M, 


e -RP(\) 


' S(x,R) 


f{pv y x )h{pvf ) )G\{x,y)dy 


r^j 


(i+P ) 4 


n I ~f( D P o7T x l 0 d Px°(Z) 


/ dM 


'M 0 


'dM 


. h(p on v 1 £)dfj,%°(£) dVol{y) 


We have to take 6(f,h,s') < 5\(f,h,s') and apply Theorem 14.31 


Corollary 4.7. Fix x € M. Given s' > 0 and a positive Holder continuous functions f 
on S X M, there is R(f,s > ) and 5(f,s') such that if R > R(f,s') and Xq — X < 5(f,s'), 

(4.6) e~ RP W [ nv y x )Gl(x,y)dy ~ (1+£ ' )4 n f ^fi^d^iO- 
J S(x,R) JdM 

In particular, for X = Xo, 

Jim e ~ RP ( A °) [ f(vy)Gl 0 (x,y)dy = 14 lf(.^ l f) d ^{f). 

R ^°° J S(x,R) JdM 

Proof. Extend / to a T-invariant Holder continuous function on SM and consider the 
function induced on SM. The statement follows by letting h = 1 in Corollary 14.61 □ 
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Letting / = 1 in Corollary 14.61 we obtain the convergence announced in the introduc¬ 
tion. 

Corollary 4.8. Fix x € M. As R —» oo and A —» Ao, the measures m Xt \.r of the 
introduction converge to the measure [dM)rn on SM, where rn is given by, for any 
continuous function h on C(SM ), 

[ hdm = [ ( [_h(p oir- 1 £ > )dfj,y 0 (£,)\ dVol(y). 

J SM J M 0 \JdM J 

Observe also that in the proof of Theorem 14.31 the choice of 5(f,h,e') is only made 
in Step 5, when we want to use the uniform mixing of Proposition 14.11 For a fixed A, we 
can use instead the regular mixing of m\ for Holder continuous functions and obtain a 
proof of Proposition 12.101 We can write, taking / = h = 1: 

Corollary 4.9. In Proposition \2.1(K the limit D(x, A) is given by 

D(x, A) = QxPx(dM) [ [_d^(f)dVol(y) = n x Px(dM). 

JMo JdM 

As a Corollary of the proof of Theorem 14.31 and Corollary 14.61 we state a generalization 
which will be needed in Section 16.11 

Proposition 4.10. Given e > 0 and positive Holder continuous functions f,u on SM, 
there is R(f, u, e) and S(f, u, e) such that if R > R(f, u, e) and Ao — A < 5(f, u, e), 

e ~RP(X) f f(pv z x ) f u{g s pv*)ds) G 2 x (x,y)dy 
JS(x,R) \ K J 0 / 

~ 1+£ ^ f udm Xo . 

JdM J SM 

By the same argument as in the proof of Theorem 14.31 and Corollary 14.61 we are 
reduced to show: 

Proposition 4.11. Given e' > 0 and positive Holder continuous functions f,u, there 
exist R\ = Ri(f,u,e'), 5i(f,u,e > ) > 0 and <5',0 < 5' < S' 0 , such that for R > Ri, all 
x,y £ M and all As [Ao — , Ao], 

Y XS'{R - t)f{v) (^f u(g s v)ds\ (9~ 2 )(-g t v) ^ ( g R v) 

{( v,t):veS px Mng- t S py M } \ Jo J 9tH X 

~ 1+£ ' 5'n x ( / /(p7r“ 1 £)d/i*(0 > ) ( [ ~, d t l y(o') [ udm x . 

\JdM J \JdM J J SM 

Proof. We choose the same e such that (1+e) 62 < 1 + eL We choose 5^ < 5' small enough 
that, for all t > 0, if v, w € SM are such that d(v,w ) < and d(g t v,gtw ) < , then 

/ u(g s v)ds ~ 1+£ / u(g s w)ds. 

Jo Jo 
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This is possible because u is Holder continuous and the two geodesics g s v,g s w satisfy 
dsM(g s v,g s w) < C'(5imax{e _oos ,e ao(s_t) }, 

where C,clq are positive geometric constants. We then construct F Xl H x in the same 
way, with this new 5\ (and accordingly possibly new / 3 o,/ 3 q, 7 ). Properties (1) to (4) still 
hold. In the relation (14.511 . we multiply the middle term by u(g s v)ds. We then 
loose one more factor 1 + e in relation (14.51) if we replace C±(v,t) by the corresponding 
contributions to the integrals 

J F \( w ) (jiJ u(g s w)ds^j H±{w)dm x {w). 

For R large enough, the new Property (5) reads as: 


< 


< 


(1 + e) 




-jjT f F \ u (9sw)ds ^ H x ( g R w)dm x (w ) 


^2 XS'(R-t)f(v) f u(g s v)ds) (9 2 ){-g t v) 

{(v,t):veS px Mrg-tS py M} V JO / 

(1 + e) 


dg 


UU 

A 


dg~tg u x 


^atA)/3( 


u{g s w)df2j H+(g R w)dm x (w). 


We conclude as above, using Proposition 14.21 instead of Proposition 14.11 □ 


5. Topological pressure at Ao 

In this section, we show that P( Ao) = 0 and show direct consequences. We already 
know that -P(Ao) < 0 by Corollary 13.121 As in Section 7 in }GL| . we show below in 
Proposition 15.11 that if -P(Ao) < 0, then f s ^ xR ^G 2 x (x,y)dy decays exponentially with R 
and conclude that G\ 0+e (x,y) is finite, contradicting the definition of Ao- Remark that 
instead of constructing a branching random walk as in m , we have a more direct 
argument. 

Proposition 5.1. P(Ao) = 0. 

Proof. Assume that P(Ao) < 0. We claim that for all x / y, there exists e > 0 such 
that the function A i->- G\(x,y) admits a real analytic extension on an e-neighborhood 
of Ao- In particular, for Ao < A < Ao + e, the extension G\(x,y) satisfies G\(x,y) = 
Jo°° eA V(C x i y)dt, a contradiction with the definition of Ao- 

Let us now prove our claim. Fix x 7 ^ y € M. By Proposition 12.21 

d k f 

-^rr;G\(x,y) = k\ / G\(x, xi)G\(xi, x 2 ) ■ ■ ■ G\(x k , y) dVol k (xi, x 2 , ■ ■ ■ , x k ). 

J M k 
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The claim follows with e = 1 / p, if we show that there are positive numbers 5,C and p 
such that: 


(5.1) 

F k := / G\ 0 (x,x 1 )G\ 0 (x 1 ,x 2 )---Gx 0 (x k ,y)e Sd ( x ’ Xk) dVol k (x 1 ,x 2 ,---,x k ) < Cp k . 

JM k 


Since P{ Ao) < 0, by Theorem 14.31 there is C, 6 > 0 such that, for all x € M, all R > 1, 

/ G\ 0 (x, z) dz < Ce~ SR and thus / ___ G\ (x,y) dVol(y) < +oo. 

J S(x,R) J {y£M;d(x,y)> 2 } 

By possibly choosing a smaller 5 > 0, we prove in the same way the following relation: 


/ 

J {v 


Gl(x,y)e Sd ^ dVol(y) < 5(x) 


(5.2) 

for some function B{x). Being a T-invariant continuous function, B(x) is bounded. 

For this choice of 5, we prove (15.11) by induction on k. For k = o, (EH) is trivial for a 
suitable choice of C. We are going to show that Fk+i/Fk is bounded independently of k 
(compare ED3 Proposition 4.7). We write: 

Fk+ 1 = f f Gx 0 (x,x 1 )Gx 0 {x 1 ,x 2 ) ■ ■ ■ Gx 0 (x k ,z)Gx 0 (z,y)e 5d( ' x ’ z} dVol k (xi, - ■ ■ ,x k )dVol(z) 
Jm JM k 


Relation (15.11) follows from Lemma 15.21 

Lemma 5.2. There is p > 0 such that, for all x k € M, 

Gx 0 (x k ,z)G Xo (z,y)e 5d ^ dVol(z) < p Gx 0 (x k ,y)e Sd ^> Xk \ 


P 


Proof. Let L be the geodesic segment going from y to x k (the RHS is infinite if x k = y). 
Let pr(z) be the point of L realizing d(z,pr(z)) = d(z,L). 


If d(z,L) < 2, and d(x k ,y) > 1 ,d(z,x k ) > 1 ,d(z,y) > 1, we have Gx 0 (x k , z)G\ 0 (z, y) < 
CGx 0 (x k ,y ) by Harnack inequality and the easy side of the Ancona inequality. 

If d(x k ,y) > 1 and one of d(z,x k ),d(z,y) < 1, we also have this inequality by Harnack 
inequality and Proposition 12.11 On the other hand, it is clear that 


/ e 5 ^’^dVol(z) < C'e Sd( ' y,Xk ' > < C'e 5d ( x,y ' ) e 5d ( x,Xk ' ) . 

J {z:d(z,L)< 2 } 

If d(z,L) < 2, and d(x k ,y) < 1, we have 


L 


Gx 0 ( x k ,z)Gx 0 (z,y)dVol(z) < CGx 0 (x k ,y ) 

1 B(x k , 4 ) 

by Corollary 13.181 Clearly, in this case, d(x,z) < d(x,x k ) + 3. It follows that 

[ Gx 0 (x k ,z)G Xo (z,y)e Sd ^ dVo\(z) < C G Xo (x k , y)e Sd ^ Xk l 

J {z:d(z,L)< 2 } 


For d(z, L) > 2, consider the thin geodesic triangles (y, z,pr(z)) and (x k , z,pr(z)). The 
distance from pr(z) to both geodesics [z,y\ and [z,x k \ is bounded by the hyperbolicity 
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constant. Using Harnack inequality and the hard side of the Ancona-Gouezel inequality, 
we get 


G\ 0 (x k ,z) < CG\ 0 (x k ,pr(z))G\ 0 (pr(z),z ) 
G\ 0 (z,y) < CG Xo (z,pr(z))Gx 0 (pr(z),y). 


Therefore, we have 


/ _ G Xo (x k ,z)G Xo (z,y)e 5d ^dVo\(z) 

J{z£M:d(z,L)> 2 } 

< c[ G Ao (x fc ,pr( 2 ))G Ao (pr( 2 ),y)e M ^W)G! 0 (z,pr(z))e^^( 2 )) ( iV ol(z) 

J{z£M:d(z,L)> 2 } 

< CG\ 0 (x k ,y) f _ e M (^))Gl 0 (z,pr( 2 ))e M ^W)dVol(z). 

J {zeM:d(z,L)> 2 } 

We use the function if) : M. — » R, ip(t) = max(l — \t\, 0). Since f^’ Xk ^ +1 ip(t—s)dt = 1 
for all s between 0 and d(y,x k ), we obtain 


' {z£M;d(z,L)> 2 } 


e M(xMz)) G 2^ pr ^ e Sd(z,pr(z) ) dVo \( z ) 


< f _ f . ^(t-d(y,pr{z)))e Sd ^ pr ^Gl 0 (z,pr{z))e Sd ^ pr ^UtdVol(z) 

i{zGM;d(z,L)>2} J —1 




Let 7 y !iXfc be the geodesic through y and x k (from y to x k ) with y^a^O) = y. Set 
Wt := 7 y ,x k (t) for t between —1 and d(y,x k ) +1, by Fubini theorem, the right hand side 
of the previous inequality is equal to 


/ d(y,x k )+l r 

1 J{z 

/ d\JJ P 

/ _ ^(t-d{y,pr(z)))e Sd ^ Wt) Gl 0 (z,w t )e Sd ^ Wt) dVol{z) dt 

-1 J {z£M-,d(z,L)> 2 } 

/ d(y,Xk)+l 

e Sd(.x,vH) B ( Wt ) dt 

/ d(y,Xk)+ 1 

e St sup B(x)dt < Ce Sd ^’ Xk) < Ce 6d{ - x ' Xk \ 

-1 X 


' {z^M]d(z,L)> 2 } 


- d(2/,pr(z)))e 5d ( a: ’ p? '( z) )Gl 0 (z,pr(z))e' 5d ( 2 ,pUU) dVol(z) dt 


< C 


< 


< 


where the first inequality uses Harnack inequality, the second inequality uses m and 
the third inequality uses the fact that d(x, wt ) < d(x, y) + t. □ 


□ 


Proposition 5.3. For x ^ y € M, 


d 


lim -P(\)—Gx(x,y) = Slc(x,y), 

A—>-Aq OA 
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where c(x, y ) is given by 

(5.3) c(x,y) = J k Xo (x,y,£)dn* 0 (£). 

Moreover, the convergence is dominated for y varying in B(x, 1). 


Proof. We have: 
-P(\)jL Gx ( X ,y) 


-P( A) [G x {x,z)G x (y,z)dVol(z) 

J M 

-P( A) f°°e P(A)fl ( [ e- p W R k x (x,y,z)Gl(x,z)dz 

Jo \Js(x,R) 


dR. 


By Corollary [3421 for d(x,y) < 1, f B(x G x (x, z)G x (y, z)dVol(z) < CG Xo (x,y). As 
P(A) goes to 0, this part converges to 0. The convergence is dominated by Lemma 12.11 

On the other hand, as R —>• oo, the function k x (x,y,z ) is close to k x (x, y, (v x ) + ) 
uniformly in A iTheorem ll.4l) . thus it can be considered as a Holder continuous function 
on S X M. Observe that the constant C'(max{d(x, y), 1}) in Proposition 13.91 is uniform 
for d(x,y) < 1, so that the Holder norm of k\(x,y, (v x ) + ) is uniformly bounded for 
A € [OAo] and d(x,y) < 1. By Corollary 14.71 for R large enough and A close enough to 
Aq, uniformly for d(x,y ) < 1, 


(5.4) [ e PWR k x (x,y,z)G 2 x (x,z)dz ~ 1+£ n [ kx 0 (x,y,£)dn$°(t;) =Qc(x,y). 

JS(x,R) j 

As A —>• Ao, P{ A) —> P’(Ao) = 0 , it follows that 

lim - P(X)-^-G x (x,y) = lim f e~ PWR k x (x,y, z)G 2 x (x, z)dz = fl c(x,y). 

A—>-Ao O'A A— y\o,R —^oo J F£) 

Indeed, Let R' , A' be such that (15.41) holds for R > R', X' < A < Ao ( R' and A' depend 
only on ma x{d(x,y), 1}). We cut the integral 


—P(A) [ e p ^ R ( [ e~ p ^ R G x (y,z)G x (x,z)dz) dR. 

Jo \Js(x,R) J 

into —P( A) / Q 3 , —P( A) f R , —P( A) . The first integral converges to 0, and the conver¬ 
gence is dominated for y varying in B(x, 1), the second integral goes to 0 and the third 
satisfies (15.41) . □ 


In particular, since kl and c(x,y ) are positive numbers, J^G x (x,y) goes to infinity as 

A —t Ao- 

Remark 5.4. It follows from the proof above that 

lim -P( A) f G x {x,z)G x (x,z)d\o\(z) = PL [ k Xo (x,x,^)dfi x ° (f) = n^°(dM). 

x ^ x o J M\B{x, 1) J 
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Theorem 11.51 follows from Proposition 12.61 Corollary 13.131 and Proposition 15.11 by 
letting A —>• Ao- 

Finally with Corollary 14.71 (/ = 1 for the first limit and / = k(x,y,z ) for the second 
limit), we obtain 

Proposition 5.5. For x,y € M, as R — >• oo, we have, with the above notations 

[ Gl 0 {x,z)dz —y 0/4°(<9 M), [ G Xo (x,z)G Xo (y,z)dz -> Flc{x,y), 

J S(x,R) JS(x,R) 

and 

[ fK)G 2 Xo (x,z)dz -A fi f^fip-irx 1 (0)^(0■ 

J S(x,R) JdM 

Observe that the last limit can serve as another definition of the y, x °. 

Let us now prove another characterization of /i^° which is Proposition 11.61 


Proof of Theorem 1 1. 61 Suppose that we have a T-equivariant family {v x } of measures 
which minimizes £(p). Mohsen showed that (Lemma 5 in [Mol ) for each x,£, the 
function \Jh(x, •, £) is a (—Ao)-eigenfunction, thus by Theorem 11.41 it satisfies 


VH x ,y,0 


J k Xo (x,y,rj)dv x £(ri), 


for some family {zz x of probability measures on dM. Recall that cocyles of T-equivariant 

families {p x } and {f x 0 } are normalized [L2j . i.e. the pressure satisfies 


and 


jP ( _ df ln/C ( 


d 


t =o 


= 0 , 


P ( _2 dt ln fcA o(7tr(°).7« (*)>«' ) 


= 0 . 


t =o 


By definition, for any potential <fi and R > 0, P{(j>) = P(^ f c In particular, 
P(Kr) = P(Kr )0 ) =0 for 


1 2 
Kr(x,0 = -—lnk(x,j v(R),0 and K Rfi (x,f) = In (a;, 75 (!?),£), 

where v = vr“ 1 (^). Suppose that there exist x,f such that v x ,t,(ji) / We claim that 
for R large enough, K R > K R) q and K R (x,f) > K Rt o(x,£). Since the Gibbs measure 
m Ao is fully supported, it implies that P{K R ) > h mXo (g) + f SM K R dm Xo > P{K Rfi ) = 0, 
leading to a contradiction. 


It remains to show that, for R large enough, 



0 {x,^{R),r])du x ^{y) < kx 0 (x,j^(R),^) 


0 {x,Tv{R),rj)dv x £(rj) < kx 0 {.x,-iy(R),C) 


and 










LOCAL LIMIT THEOREM 


43 


if v x £ < 1. Let v x £ = aS^r/ + (1 — a)z/ where ^^({C}) = 0- Choose r > 0 such that 
r)) < 1/3 C, where C is the constant from Lemma 13.151 By Lemma 13.151 for x 
and y = jv(R), 


/ k Xo [x,y,rj)dv' Ari) < 1/3 k Xo (x,y,f). 

J B(£,r) 


On the complement of L?(£, r), we have 

k\ 0 (x,y,r)) < k Xo (x, y, £)CG\ 0 (y, x 0 ) 2 < k Xo (x,y,f)CC 2 G Xo (x,y) 2 . 

Note that in the last inequality, we use Remark l3.16l to replace G Xo (y, xo) by C r G Xo (y, x) 
on L?(£, r) c . Thus we have 

k\>{x,y,ri)di/ Arj) < k Xo {x,y,f)CC 2 G Xo (x,y) 2 . 

B(t,r)° 

If a A 1) then by Theorem 11.31 choose R large enough so that G Xo (x,y) 2 < 3( ~J G 2 ■ It 
follows that 

J k Xo (x,y,ij)dv Xt Av) < k Xo (x,yA) (a + (1 - a) (l/3 + CC 2 G Xo (y,x) 2 )) < k Xo (x,y,0- 

We conclude that {v x } coincide with {y x 0 }. □ 


L 


6. Proof of Theorem 11.11 

6.1. Derivative of the Green function. In this subsection, we establish 
Theorem 6.1. With the above notations, for x / y € M, as A —>• Ao, 

Sx Gx(X ’ V) ~ 2^=X CiX ’ y) - 


where c(x,y) is given by 15..91) and T = Ya 0 , given by H2.11\) 

Theorem ED follows from the following Proposition. 
Proposition 6.2. (i) For x j- y £ M, as A —)• Ao, 

( 6 . 1 ) 

(ii) For all x / y € M, 


d 2 

— P 3 (X)— 7 jG x (x,y) converges to 2fl 3 /T c(x,y). 
oX z 


(6.2) lim — P 3 (X) /_ / G x (x, z)G x (z,w)G x (w,y)dVol(w)dVol(z) = fr/Yc(x,y). 

A -> A o J m Jm 

Moreover, the convergence in m and \6.2\) is dominated for y varying in B(x, 1). 


Proof. (Compare with m Section 3.6.) By Proposition 12.21 for x / y, (EU) follows 
from (16.21) . Firstly observe that, by Corollary 13.181 and Proposition 12.21 


>B(x,l) JM 


[G x (x,z)G x (z,w)G x (w,y)dVo\(w)dVol(z) < C-^-G x (x,y). 
Jm 
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By Proposition 15.31 when multiplied by P 3 ( A), this term goes to 0 and the convergence 
is dominated on B(x, 1). We have 


= -P 


= P 


~P\ A) L 

J A 

(A) f 

Ja 

/ OO 

Re p WR 


[G\(x,z)Gx(z,w)G x (w,y)dVol(w)dVo\(z) 

JM 


M\B(x, 1 ) JM 

rat -\ G \(y,z) ( f G\(z,w)G\(w,y) . A , 

1 L - 7T-, -\- dVol(w) dVol( 

m\b(x,i) G\{x, z) \J M G\{y, z) 




z 


L 


where 


(x,y,z) = 


\JS(x,R) 

1 


d(x, z) 


e PWR Gl(x,z)kx{x,y,z)^x(x,y,z)dz\ dR, 
P ( A ) f Gx{z,w)G x (w,y) 

Jm 


!m G x {y,z) 


-dVol ('«;) 


As in the proof of Proposition l5.3l as A —>• Ao, P{ A) —> 0 and the above integral converges 
towards 


(6.3) 


lim 


e P{X)R G 2 x(x, z)k x (x, y, z)^ x (x, y, z)dz 


R—too.X—tAo Js(x,R) 

if the limit exists uniformly. We study this limit. First we study 'l!x{x 1 y 1 z). 


Lemma 6.3. There is a Holder continuous positive functions u on SM such that for 
large d(x,z ) and A close to Ao, 

l rd{x,z ) 

^A (x,y,z) ~ +£ n— -T / u(g s v z x )ds. 

d{x, z) J o 

The estimate is uniform in x,y,d(x,y) < 1. 


Proof. For w € M. write pr(w) for the projection of w on the geodesic segment from x 
to z and s(w) for the distance d(pr(w),x). Set if(v,w) := if{d{pr{w),Tt(v))) = max{|l — 
d(pr(w), 7 r(u))|, 0 }. For a positive real number T, we denote 

Nt{x ) := {w, w € M, s(w) < T, }, Nt(z ) := {w, vj € M, s(w) > d(x, z) — T.} 

We choose K = K(x,y,e) such that the angle between the vectors Vp r ^ and v v pr ^ is 
small enough if s(w) > K. We estimate 

-P(A) f Gx(w ' z) ° x{ T V) dNoMw) 

Jm Gx{z,y) 

by decomposing M into Nk+i(x)\B(x, K') 1 Nk+i{x)^B{x 1 K'), N 2 (z)\B(z, K'),N 2 (z )FI 
B(z, K') and {w, w E M, K + 1 < s(w ) < d(x, z) — 2} for a suitable AT'. 

The constant K' is chosen so that, if w € Nk+i(x) \ B(x,K'), then there exists a 
point w' on the geodesic segment [z,w\ such that d(w',y ) < C,d(w',w) > i?o- Similarly, 
if w € N 2 (z) n B(z, K'), then there exists a point w' on the geodesic segment [y, w] such 
that d(w',z ) < C,d(w',w ) > Rq. the choice of K' is uniform on d(x,y) < 1. 
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We use the Ancona inequality (13.41) to write for instance 

G x (w,z)G x (w,y) 


-P(X) 


' N 2 (z)\B{z,K') G\(z,y ) 


dw 


= ~ p W [ G\(w,z) ( GX ^ V ) -T dw 

J n 2 (z)\b(z,K') G\(z, y)G\(w, z) 

< -PWC f Gl(w,z) ° X ^ - -dw 

J n 2 {z)\b{z,k') G\{w' ,y)G\(w,w') 

< -P{\)C f G 2 x (w,z)dw 

J M\B(z,K') 

which is bounded by Remark 15.41 The argument is similar for N r +i(x) \ B(x,K'). 

For d(w,x) < K ', — A ^ ’ 'j —< C(d(x,y))G\(x,w) and the integral is finite 

y) 

by (J2U). The argument is similar for the integral over B(z, K'). 


IK 


It remains to estimate 

d(x,z)—l f‘d(x,z)—2 

u\{g s v z x )ds < -P{ A) / 

J K +1 
pd(x,z)—2 


lip(s - s(w)) 
Jm 


G\(w, z)G\(w, y) 
G\(z, y) 


dVol(w) ) ds 


< 


IK+l 


u\(g s v z )ds 


where u x is the function on SM given by 


u x (v) = -P( A) [ ip{v, 
Jm 


G x (w, z)G x (w,y) 


w) ; —— dVol(w) 

G x {z,y) 


/•oo 

-p( A) / e p ^ R u x , R (v)dR, 
Jo 


u x , R (v):=e P(A)P f Gl(ir(v),w)i/>(v, w ) n dw > 

Js(*(v),R) G x {z,y)G%{ir{v),w) 


where 

G x (w,z)G x (w,y) 

^M7T KV),'W)WU,W)- 

I S(tt(v),R) 

We are reduced to show that there is a T-invariant function u on SM such that u x (v ) —> 
Q.u{v) as A —>• Ao- 

By ProDosition l3.101 given e > 0, our choice of K > 0 is such that if w Nk(x)UNi(z) 

and pr{w ) is far from w, then 

G x (w, z)G x (w, y) _ ^v)^ z K(v)^y) l+ £ 9 n(v)^ V+ K(v)(C,V~) 


G\(z,y)G 2 x (ir{v),w) 8^ v) (y,z) 


9 n{v)( V ~’ V+ ) 


where C = (T^(„)) + ( see the Figure [5]). 

Extend the projection pr to the boundary dM. Then for w such that w N R (x) U 
Ni(z), if R is large enough, i/;(v,w) ~ 1+£ ij}(v,C). Also, the functions <4 .(„)(Cj ^ ,± ) are 
bounded away from 0 and the function 0 A („)(C) u ~ l ~)$ A („)(C) w_ ) is uniformly Holder and 
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C 



Figure 5. Approximating by Naim kernels 


bounded away from 0. The denominator 9 Xo (y) is also Holder and the approximation is 
uniformly Holder continuous. By Corollary 14.71 centered at 7r(v), there is R(s) and (5(e) 
such that for R > R(e), A € [Ao — (5(e), Ao], we have u\ : r(v) ~ 1+£ Qu(v), where 


(6.4) 


u (v ) = liiv, 0- 

JdM 


d(v) 


7t(v) ' 


The function u given by ([6.41) is clearly T-invariant. We still denote u the corresponding 
function on SM. 


The Lemma follows, since P(A) —> 0 and u x (v) = —P( A) / 0 °° e p( ' X ' ,R u\ t n(v) dR. □ 


Note that fg Mo u(v)dm x (v ) can be computed. It is given by 

If / .^@ir(v)((i v+ )@Tr(v)(Ci v ) J A f/-\j f \ 

WhC)-- dp„ {v) (Qdm x (v) 


dM 


S! 

j Jai 


IdM 

= ^a/Ta 


X«»C) 




0(u) 


J dM J (v~ ,v+ ,t)eSM 0 
.A / C 1 ; 


d ^(v)(O n X 6 ( v Wtt(v)( V ) d ^(v)( V ) dt 

(v)( 


ip(v,()dtdp x M (v + ,v ,C) 


= fiA/T A < (t;) (5"M) = nA/T A . 

We are reduced to understanding the limit 

lirn f e~ PWR G x (x,z)k x (x,y,z) f u{g s v z x )ds\dz. 
■oo,A—>A 0 JS(x,R) \R J 0 / 


R—^oo y 


As in the proof of Proposition 15.31 we can replace k x (x,y,z) by k Xo (x,y,ir x (v z )) for R 
sufficiently large and A close to Ao- By Proposition 14.101 for R large and Ao — A small, 

[ e ^ P< ' X)R G x (x,z)k Xo (x,y,Tr x (v z )) (^ [ u(g s v z )ds) dz ~ tt 2 c(x,y) [ udm Xo 
JS(x,R) \xt J 0 / JSM 












LOCAL LIMIT THEOREM 


47 


by (15.311 . This achieves the proof of Proposition 16.21 


□ 


Proof. fofTheorem l6.Hl . Set F(X) = J^G\(x, y). Bv Proposition (5731 and Proposition (6721 

(i), 

Q 3 

lim —P{\)F{\) = Pi c(x,y) lim — P 3 (X)F'(X) = 2—c(x,y). 

A—>-Ao A—>-Ao T 

2F'(X) 4 

It follows that converge towards —(c(x, y)) 2 - Since F( A) goes to oo as A —> Ao, 

F{ A)- 5 T 

we conclude that F( A) ~ This is Theorem 16.11 □ 

By Proposition 15.31 and Theorem 16.11 we obtain 
Corollary 6.4. As A —>• Ao, 


P( A) 


2 n 


— A y/T 

Applying Proposition 16.21 ii) and Corollary 16.41 we get 
Corollary 6.5. For all x / y G M, 


lim (A 0 - A) 3/2 [ _ Gx(x,z)G\(z,w)Gx(w,y)dVol(z)dVol{w) = -^-c(x,y). 

A->Ao JMxM o 

Moreover, the convergence is dominated for y varying in B(x, 1). 

6.2. Proof of Theorem 11.11 and Theorem 11.71 Let F be a nonnegative C°° function 
on M, with compact support. Set fip for the spectral measure of F, i.e. the Borel finite 
measure on the spectrum [0, +oo) of —A — Ao such that, for all m > 0, 

r»+oo 


r r- l-oo 

/ F(x)A in F(x) dVol(x) = / {—w — \o) m d/iFivo). 

J M Jo 


The function 


r'+OO 


CF(t ) := f ~e Xot p(t,x,y)F(x)F(y) dVol(x)dVol(y) = f e dfiFipo) 

JMxM Jo 


IMxM 

is nonincreasing in t. Write 

r+oo 

e~ st t 2 - 


r-j-oo n /*oo 

/ e~ st t 2 CF(t) dt = / _ / t 2 e^ A °“ s ^p(t, x, y)dtF(x)F(y) dVol(x)dVol(y). 

Jo J MxM J 0 

By the same direct computation as in the proof of Proposition 12.21 this is 

2 [ _ G\ 0 - s (x,z)G\ 0 - s (z,w)G\ 0 - s (w,y)F(x)F(y)dVol(z)dVol(w)dVol(x)dVol(y). 

J MxM 


By Corollary 16.51 we have, as s —>• 0, 

n+OO VT 


e 3/2 


[ °° e~ st t 2 c F {t)dt -A [ 

Jo ^ 


MxM 


c(x, y)F{x)F{y) rfVbl(x)dVol(y). 


4 
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By Hardy-Littlewood Tauberian Theorem m p. 445), we have 


(6-5) [ t 2 c F {t) ~ T 3/2 ( _ c(x,y)F(x)F(y)cNol(x)dVol(y). 

Jo 4T(5/2) JmxM 

Now we claim that 

cf{J) ~ f _ c(x,y)F(x)F(y) dVol(x)dVo\(y). 


Indeed, by setting CT 3 / 2 to be the right hand side of the equation 16.51 since C F (t ) is a 
non-increasing function of t, 


and 


3CeT 3 / 2 /2 - 

[ T { n-D o 

/ t 2 c F (t)dt < c f (T) 

rn l+e) 

/ t 2 dt ~ cp(T)eT 3 

0 

<T 

It 


r T 

r T 

3CTT 3 / 2 /2 ~ 

/ t 2 c F (t)dt > c f (T) 

Jt( l-e) 

/ t 2 dt - c F (T)eT 3 . 

>T{ l-e) 


(See also ( Gif ] Lemma 9.5.) Since c(x,y ) = j k\ 0 (x,y)dy x , and k\ 0 (x,y) is smooth as a 
(—Ao)-eigenfunction of the Laplacian, the function c(x,y ) is smooth (see the paragraph 
after Proposition 13.1011 . We claim that p(t,x,y) has bounded gradient. Indeed, if u(x,t) 
is a solution of the heat equation on M with Ricci curvature bounded below, then by 
a sharp gradient estimate by Souplet and Zhang m, on {(x,f) : y € B(xq, R/2), s € 

[t0 ~ TV 2 , R)]}; 


|Vtt(M)l 

u(x,t ) 


I+I+Vfc 
R VT 


1 + In 


maxu(x, t ) 
min u(x. t ) 


where the maximum and minimum are taken on the set {(x,t) : x € B(xq, R),t € 
[to — T, to]}. Thus it remains to show that for some To >> 0, is bounded above 

and below for x € B(x 0 ,1) and for all t > To. We use parabolic Harnack inequality: 
Note that 

p(t,x,y)> p{s - l,x,z)p(l,z,y)dz > C / p(s - 1, x, z)dz, 

J B(x o,l) J B(x o,l) 


where C is the minimum of p(l ,z,y). 

Since p(t, x, y) has bounded gradients, we can take functions F with compact support 
converging to {xq} that approximate the Dirac measure <5^ to get 


lim t 3/2 e Aoi p(t,x 0 ,x 0 ) = —=c(xo,x 0 ). 

t-kx) lyj 7T 

We get the general case of xo / x\ (and thus Theorem ll.il) in the same way by considering 
functions that approximate 5 X0 + 5 X1 . 

Theorem 11.71 follows from the above equation and definition of c(x,y) (15.31) . 
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7. Uniform mixing 


In this section, we establish a uniform power mixing of the geodesic flow for Gibbs 
measures, when the potential varies in a neighbourhood of the space X a of functions 
which will be defined shortly. The proof combines the ideas from m and |P2j . with a 
slightly different framework. For the comfort of the reader, we recall the different steps 
in our notations. 


7.1. Uniform mixing and three-mixing. Let X := E M) be a system 

with one parameter group {p>t, t E M} of measurable transformations of the space (X, A) 
preserving a probability measure m. For bounded measurable functions /, h, u we define 
the correlations functions for s,t > 0: 


Pf,h,m(t ) 
Pf,u,h,m(Si t') 


I f (x)h(tptx)dm(x) ~ J f j h dm 
j f(x)u(<p s x)h(ip s+t x)dm(x) — J f dm J udm J hdm 

J udm J 


f (x)u(p s x)h((ptx)dm(x) 


ds — f dm 


hdm 


The system X is called mixing if lim^oo Pf^h^if) = 0 for all bounded functions /, h, 
3-mixing if \\m. s ^oo Pf,u,h,m{s,t) = 0 for all bounded functions f,u,h and average 
3-mixing if lirn^oo ’Pf,u,h,m(^) = 0 f° r bounded functions f,u,h. It is a well-known 
open problem whether mixing implies 3-mixing. It is easy to see that mixing implies 
average 3-mixing. 

Let us consider the rate of mixing. A system X is called power mixing for a class X of 
functions if for f,h,k E X, Pf : h,m(t ) decays polynomially (see Theorem 17.21 for a precise 
statement). Below, we will show a uniform version of power mixing of the geodesic flow 
for the class X = X a which we define now. 

Let a > 0. We denote X a the space of functions / on X such that \\f\\ a < oo, where 

n *ii i m , I f{x) - f(y )| 

11/11,.:= sup |/(*)| + sup . 


Let (p E X a . There is a unique invariant probability measure such that: 
h mip (gi) + / ipdm^ = P(p>) := sup l h m (gi) + / pdmi, 

J m](gt)*m=m l J ) 


where h m (gi) denotes the measure theoretic entropy of the (/-invariant probability mea¬ 
sure m (see e.g. EE]). The mapping ip i-a m ip is continuous from X Q to the space of 
measures on X endowed with the weak* topology. 


The following property is important in Dolgopyat’s approach to the speed of mixing. 

Definition 7.1. A system X is topologically power mixing if there exists to,S > 0 such 
that for any r and t > max{^, to}, 

gt(B(x,r )) n B(y,r ) / 0. 
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We now establish a local uniform power mixing for topological power mixing Anosov 
flows, for Gibbs measures associated to potentials ip, and for functions in X a . The 
mixing rate is uniform as we vary the potential ip in a small neighbourhood in % a , for 
a sufficiently small. 

Theorem 7.2. Let X to be a topological power mixing Anosov flow. Let ipo € % a be a 
potential. There exist e > 0 and C' 0 ,<f 0 > 0 such that for all tp in the e -neighborhood of 
ifo and all f,u,h£ 0C a , we have, for all positive s,t: 

(7.1) \pf,u,h,m v {s,t)\ < C'o||/|| a ||u|| a ||/i|| a [(l + s) c ° + (l + t) c °]. 

Proposition 7.3. Let X to be a topological power mixing Anosov flow. Let ip$ € % a be 
a potential. There exist £ > 0 and Cq,cq > 0 such that for all <p in the e-neighborhood 
of ipo and all f. h € X a , we have, for all positive t: 

(7.2) \p f ,h,mM < CoWfUhUl + t)-^. 

Although it appears as if Proposition 17.31 follows from Theorem 17.21 we will prove 
both results simultaneously. 

Corollary 7.4. Let X to be a topological power mixing Anosov flow and <po € X a be a 
potential. There exist e > 0 and Cq,c!q > 0 such that for all ip in the e -neighborhood of 
ipo and all f,u,h€ X a , we have, for all positive s,t: 

(7.3) \pf,u,h,m v (t)\ — C'oll/ll«ll M llall^lU(l + 0 C ° • 

We assume now that the system X is the geodesic flow gt , t € M on the unit tangent 
bundle X = SM, where M is a closed negatively curved manifold. 

Liverani proved exponential mixing for contact Anosov flows for the Liouville measure, 
which implies exponential mixing for the geodesic flow on manifolds of negative curvature 
for the Liouville measure [Ll|. It implies that the geodesic flow is topologically power 
mixing. Thus we can apply the above theorems to the geodesic flow and the Gibbs 
measure associated to ip\ 0 to obtain Propositions 14.11 and 14.21 

7.2. Proof of Theorem 17.21 and Proposition 17.31 First, following Bowen and Ru- 
elle jB], jBRj . we can reduce the problem to the corresponding problem on suspended 
symbolic flows by introducing Poincare sections for the flow with Markov property (see 
also EH Chapter 9 and Appendix III), in such a way that Holder continuous functions 
on SM correspond to Holder continuous functions on the symbolic system. 

We may thus assume that there is a subshift of finite type (£,<r) and a positive 
a-Holder continuous function r on X such that the system X is the suspension flow 
crt(x, r) = (x,r + t) on the set X r := {(x, r) : x G X, 0 < r < r(x)}/[(x, t(x)) ~ (ax, 0)]. 
Let us denote by [ao,--- ,Ufc] the cylinder set {x : Xi = ai,i = 0, • • • ,k}. Let us also 
define d a on the space X + of one-sided sequences with the left-shift by d a (x,y ) = a k , 
where k is the first index for which Xk,Uk are not equal. Let us denote by 9C a (X+) the 
space of d a -Lipschitz functions on the space X + of one-sided sequences. Let ip € IKo^X 1 ") 
be a potential function on X T . 
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We may assume that the function r is a function on £ + in the sense that t(x) = r(y) 
if the points x and y in £ have the same nonnegative coordinates. Moreover, by possibly 
modifying a, we may assume that the function r is a d Q -Lipschitz function on £+. We 
may also assume that the functions (j)(x) := p(x,r)dr are d Q -Lipschitz functions 
on £+ as well and that f are normalized so that = 1, where 


(7.4) £ 0 F(x):= £ e^F(y) 

y,ay=x 

is the transfer operator associated to cj>. 

It follows from these assumptions that the map 7 : ip H > <fi is continuous from 3C a (£ T ) 
into 3C Q (X + ). The equilibrium measure m v for the function p is of the form 

m * = j 

where u,p is the unique cr-invariant probability measure on £ such that its projection vp, 
to £ + satisfies, for all functions F E C(£+), 

(7.5) J LpF dvp = j F dvp. 

Let us denote (f>k{x ) = 4>(x) + (f>(a(x)) + • • • + cj)(a k (x)). We choose an eq-neighborhood 
of 4>o so that there exists a constant C\ > 1 with 

< C 1 a~ k d a (x,y) and Cf 1 < < C\ 

for all <f> in ei-neighborhood of 4> o an d all x,y E [ao, • • • , a^-i]. With those choices, for 
all (f>, 1 is an isolated eigenvalue of with eigenfunction the constant 1 (see m for 
this and all the above standard reductions). A ball of radius r in £ r contains a cylinder 
of length — C In r in £ times an interval of length cr in the flow direction. Its image on 
the manifold contains a ball of radius r D , for some D. Therefore, we may assume that 
the suspension flow X is topologicallly power mixing. 

Remark 7.5. The constants C i, Cq, CV, 73 that appear in this section coincide with the 
constants C\, Cq, C 7 , 73 in [Me] . 

7.2.1. Properties of the complex transfer operator. In this subsection, we will denote the 
space of complex d a -Lipschitz continuous functions on X + by 3C Q (X + ) again. We define 
the complex transfer operator T 0 +st , s E C on DC a (£+) by 

L^ st F{x)-.= Y, e^+ s ^F(y). 

y;ay=x 


(7.6) 






- 1 


Following [Me] , set s = a + ib. 

Proposition 7.6. (Lemma 3.5 of [ Me] ) Let X be a topological power mixing Anosov 
flow. Let tpo be a a-Holder continuous function. There are £>O,0>O, C>0 such that 
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for all s = a + ib with |b| > 1 and \a\ < C x |6| 6 , 

(7.7) ||(l-£<Hsr)- 1 |U<C|&| 0 , 

for all <f = 7 (ip) with \\p> — <po\\ a < £■ 


Proof. As in IMel . we carry the calculations for 0 < a < 1 and b > 1. They are 
analogous for b < — 1 and — 1 < a < 0. We find a neighborhood U of <f>o where (ED 
holds and choose e such that \\<p — </?o||a < £ implies that 4> = T(g>) € U. We first have 
the preliminary estimate of (Mel in a uniform way. 

Lemma 7.7. ( Lemma 3.7 of ( Mej ) There exist Cq, CV, 73 , £2 > 0 such that for all (f> in 
the £ 2 -neighborhood of 4> 0 , 

(f) |^<^+i6r|oo ^ 1; 

(2) \\^ +ibr F\\ a < CsiblFU + a n \\F\\ a } for all n < 1 andF£% a (X + ), 

(3) II L^F - f E+ FdvtWa < CryS\\F\\ a for all n < 1 and F € K Q (£ + ). 

Proof. Part (2) comes from the fundamental inequality, thus Cq is uniform in <ft. Part 
(3) comes from the spectral gap of thus C 7 and 73 can be chosen uniformly in a 
neighbourhood of 4>q (see e.g. Kato m Theorem IV.3.1). □ 


As in [Me], define 


H/llfe := max 


l/lc 


sup 


2 C(jb x^y 


\f(x)- f(y)\ \ 

(d(x,y)) a y 


Since one may assume that 2CQb > 1, we have 

\\F\\ b <\\F\\ a <(2CQb + l)\\F\\ b , 

which implies that ||T|| a /||£||fe lies between 2C$b + 1 and (2Co,b + l )" 1 
Let MyF = e~ lbr F o a. 


Definition 7.8. The operator has no approximate eigenfunction if there exists N € N 
such that for every triple (9 > N, (5 > 0, C > 1), there exists k = k(9 , /3, C) such that for 
all ( b,p,F) with |F| = 1 and | 6 | > k, 

\ M y nW F(y)-e i ' > F(y)\>C\b\- 9 , 

for some y. 

Lemma 7.9. [uniform version of Section 3.2 of [Me] / Consider the following conditions. 


( 1 ) Mf, has no approximate eigenfunction. 

(2) There exists 9 > 0,e > 0 such that ||(7 — £^; i&T )|| b = 0(\b\ e ) as \b\ — > 00 , for all 
f <E B e (f> 0 ). 

(3) There exist 9,e > 0,e > 0 and C > 1 such that ||(7 — £ 0 +ST )~ 1 ||b < C\b\ e for all 
s = a + ib with |6| > 1, |a| < e\b\~ e and all <f> € B e (4>o). 


With the above notations, (1) implies (2) and (2) implies (3). 
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Proof. See Section 3.2 of [Me]. Let £1 be a constant such that C\ in equation (17.611 and 
or, «2 in [Me] are uniform in <f> in ^-neighborhood of <f>Q. Now let e = min{£i,£ 2 }, 
where £2 is chosen as in Lemma 17.71 □ 

Topological power mixing of X implies that M, j, has no approximate eigenfunction by 
Sections 3 and 5 of m, thus Proposition 17.61 follows. □ 

We also recall that, by mixing of the geodesic flow, ||£</,+i 6 r IIa < 1 for b / 0 (see [ PP ] 
Proposition 6.2). It follows that: 

Proposition 7.10. There is 6 = 5 <^ 0 > 0, £ > 0 such that, for all <j> in a £-neighborhood 
of (f> 0 , the mapping s eq Yln^+sr nreromorphic on V 

V ■.= {s = a + ib : \b\ < 2, |a| < 5} 

with a simple pole at s = 0. Moreover, for a function K € 0C a (£+), the residue at s = 0 
of the meromorphic function s eA )T) n ST K (with values in X a ) is a constant function 
with value u^K). 

Proof. For a fixed cf , this follows from [PP], Proposition 6.2 and Theorem 10.2, with 
a fixed 5 = 6$. By m Theorem IV.3.1 and compactness of the closure V, there is a 
neighborhood Uo of cj>o such that for f € Ho, the rest of the spectrum of £ 0 _|_ ST , s € V, 
is separated from 1 with 5 = 5<f, 0 . □ 

7.2.2. One-sided smooth functions. We start by proving Theorem 17.21 for a particular 
space of functions. For a > 0 and Me N, let be the set of functions / on E r with 

the following properties: 

• for all x € X, f(x,r) = 0 for r outside the interval l 12 ^, 2 ™ f T ], 

• for all x € £, r eA f(x, r ) is of class C M , 

• for all r e 2 l g fr ], x i-A f(x, r) depends only on the nonnegative coordinates 
of x and 

• the functions r), for 0 < k < M are a-Holder continuous in x € £ and 

continuous in r. 

For / € X + M , we denote \\f\\ a ,M ■= sup r fc < M |||^|(.,r)|| Q . The heart of the proof uses 
the arguments of m to establish: 

Proposition 7.11. Let po € 3C a (X_|_)as above. There exist £,C, c > 0 and M such that 
for all p, ||ip — </?o|| < £, all f,u,h £ we have, for all positive t\,t 2 : 

(7.8) | P f ,u,h,m\ (^1, ^ 2 ) | < C'||/|| Qi M||«||a,M||h|| Qi M[(l + il) _C + (1 + ^2) _ ']• 

Proof. Choose £ so that Proposition 17.61 and Proposition 17.101 holds for all (p with || p — 
(/?o|| < e. Fix /, u, h, ip and write p(t\, t 2 ) for Pf,h,g,m v {ti, t 2 ). Assume first that f f dm\ = 
( gdm\ = 0. We consider the Laplace transform 

p(si,s 2 )= [ p{ti,t 2 )e~ sltl e~ S2t2 dtidt 2 

JR+XR+ 
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which makes sense a priori for aj > 0, where sj = aj + ibj,j = 1,2. The following 
computation is valid for aj > 0 and will allow us to extend analytically /9 (si,s 2 ) to a 
larger domain and deduce the decay of p{t\,t 2 ) as t\,t 2 go to infinity. 

Lemma 7.12. Consider the Laplace transforms F, U and H of the functions f, u and h 
given by: 

F(x,s)= f e~ sr f(x, r)dr, U(x,s)= f e~ sr u(x,r)dr, G(x,s)= j e~ sr g(x, r)dv. 

J ]R J M J M 

Then, we have, for a\,a 2 > 0: 

p(s 1 ,s 2 ) = Y [ H(x,s 2 )L^ +S2T [U(.,s 1 - s 2 )L% +SiT F(..,-si)(.)]{x) dn^x). 

n,m ^ S 

Proof. We develop: 

p(s i,s 2 ) = / / f(x,r)u(a tl (x,r))h(a tl+ t 2 (x,r))e- Sltl e~ S2t2 dm ip (x,r)dtidt 2 

i* + xM + 

= YI 1 f(x,r)u{a n x,r+ t\ - T n (x))h(a n+m x,r+ t 2 + ti - T n+m (x)) 

n m ll^xl+xR+ is 

e~ sltl e~ S2t2 dr du^x) dt\ dt 2 , (*) 

where T n (x) := Ylk=o T ( ljk ( x ))- Observe that for all fixed positive n,m the integral in 
t±,t 2 ,r is also an integral over Ixlxl. Then using the variables w = r + t\ — r n (x) 
and z = w + 1 2 — T m (a n x), the integral (*) can be written as 

(*) = J H{<j n+m x , -s 2 )e S2Trn{ari ^U(a n x, s 2 - s^e 31 ^^ F(x, 8l ) dv^x). 

Using now the invariance of under L^ (17.51) and the fact that L n (HK o a n )(x) = 
K(x)L(H)(x), we obtain: 

(*) = ^(a m x,- S2 )e^ m O)u(x, S2 - Sl )^ +slT F(-, Sl )(x)d^( a; ) 

= H(x, S 2 )£™+s 2 t [U (-, S 2 - si)£^ +Sir F(-, ai)(0] (x) du^x). 

The Lemma follows for aj = 5R Sj > 0. □ 

By Proposition 17.61 and our choice of e, we conclude that there exist constants 6, /3 
such that, for all ip, \\p — <po\\ a < £, the series of operators Yln^s+ST converges and is 
analytic on the region U 

2(5 

u := {s,s = a + ib ; \b\ > 1, |a| < 
and that there is a constant Dq such that, for s € U, 

( 7 . 9 ) \\Y L *+sr\\« < D o\b\ D °. 
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Moreover, by Proposition 17. 101 there is <5 > 0 such that the series of operators Yl n ^2+sr 
converges and is meromorphic on the region V, has a simple pole at 0 and has residue 
at 0 the projection on the constant function z^.). 

On the other hand, since f,u and h belong to X+ M > the functions s eA F(-,s),s eA 
U(-, s ) and s eA H(., s ) are analytic into DC a (X + ). Moreover, the functions || F(-, s)|| Q , || U(-, s)|| Q 
and ||iL(-, s)|| Q decay at infinity like ( \b\)~ AI and 


v cj>( F {-i 0)) = / ( [ f(x,r)dr) dv^x) = [ f dm v = 0. 

J s+ \J r J 

It follows that the function 

J(x,s ) :=^L^ +ST F(-,s)(x) 

n 

is analytic from U L) V into % a and that its 3C a -norm is bounded by Cj|/|| a M(l + 
|6|) D ”-" as \b\ —>• oo. Summarizing, the function jo(si,s 2 ) admits an analytic extension 
to {(si, s 2 ); si € U U V, a 2 > 0} and this extension satisfies: 

P(S1,S2) = V / H ( X i- S 2)£7 +S2 tI U (-, s 2 ~ Sl)J(-,S!)](x)d^(x). 

m J *+ 


As before, for each fixed si G UUV, the mapping S 2 >-)• L™ +S2T [[/(-, s 2 -si)J(-,s)](x) 
is meromorphic from ULiV with a unique simple pole at S 2 = 0 and a residue a constant 
function on with value Co(si). Therefore, for all si € U U V, S 2 H > p(s 1 , S 2 ) admits a 
meromorphic extension to U U V of the form 


P(s i,s 2 ) 


C 0 (si) f E+ H(x,0)d^(x) 
2nis2 


+ p{si,s 2 ), 


where p(£, rj) is an analytic function on (U U V) x (17 U V) such that 

|p(s!,S 2 )| < C\\h\\ a , M \\u\\a,M\\f\\a,M^ + H) D °~ M (1 + \h ~ b 2 |)- M (1 + \h\) D °~ M 


We again have f E+ H(x, 0) du r j ) (x) = 0 by our condition that f hdpp = 0 and finally, the 
function p(s i, S 2 ) admits an analytic extension to (U U V) x (U U V) and satisfies: 

\P(S U S 2 )| < C||/r|| a , M ||n|| a) M||/||a,M(l + \b2\) D °~ M (l + \h ~ b 2 \)~ M (1 + \h\) D °- M . 


We now compute p(ti,t 2 ) as the Laplace inverse of p(si,s 2 ) by integrating on the 
imaginary axis in s 2 and in sp For a Hxed si € U U V, we can move the curve of 
integration in s 2 to the curve 

T := {-5 min{ 1, —} + ib; b € M}. 


We obtain that the function p(spt 2 ) 

p(si,f 2 ) ■= j~2 [ p{. s iM)e lb2t2 db 2 

Jr 


= 4 ^ (/, ?( s i,S + ib2)e' 


ib^t2 g— St2 


db 2 + 


1 - 1 , 1 ] 


p(si, 


_J_\Jb 2 t2 ~St 2 /\b 2 \ 13 

\b2\P’ 



-1 
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is, as a function of si, an analytic function on U x V and satisfies 


|p(si,*2)| < C 

C 


a,M\\U\\a,M\\J\\a,M / 0 -fit 


(1 + \bi\) M ~ D ° 
\a,M ll^lla.M ||/||a,M 


(1 + \bi\) M ~ D ° 


2e~ + 

(l + t 2 )~ P , 


/ 

JR\\-1 


0 -5t/\b\P 


- 1 , 1 ] (l + \b\) M ~ D ° 


db 


as soon as M > Dq + 2. We are interested in p{ti,t 2 ) = / R p(.s\. t 2 )e~ tblt] db\. In the 
same way, by moving the curve of integration in si to T, we obtain (recall that we have 
assumed that f f dm\ = f gdm\ = 0 ): 

pifl > ^2) < C , ||^||a,M||^||a,M||/||a,M[(l + + (1 + ^2)^]- 


Observe that the above proof also yields, setting u = 1 for instance: 

Proposition 7.13. Let ipo E (Ka,(E + )as above. For s, C, c > 0 and M as above, for all 
<p, ||g> — <^o|| < £; all f,h£ we have, for all positive t: 

( 7 - 10 ) \pf,h,m x (t)\ < C\\f\\ a , M \\h\\ a ,M[(l + t)- c \. 

Indeed, if we assume J f dm v = 0 , this is exactly the same computation, with only one 
variable s. But (17.101) holds for / as soon as it holds for / — f f dm By the same token, 
using Proposition 17.131 we can replace in (17.81) / and h by / — j f dm v and h — f h dm 
This achieves the proof of Proposition 17.111 □ 

7.2.3. From one-sided to two-sided smooth functions. This part goes back to Ruelle 
am we present it here for completeness. We consider a new space of functions: for 
a > 0 and Me N, let K' a M be the set of functions / on E r with the following properties: 

• for all x € E, f(x,r) = 0 for r outside the interval 2 l g fr ], 

• for all x € E, r i-a f(x, r) is of class C M and 

• the functions ^^(x,r), for 0 < k < M are a-Holder continuous on E and 
continuous in r. 

For / E 0C' aM , we still denote \\f\\ a ,M ■= sup rfe < M ||f^(., 7 -)|| a . We show in this subsec¬ 
tion 

Proposition 7.14. There exist e',C',c' > 0 and M such that for all ip such that \\p — 
To\\a < 1 all f,u,h€. 3C' aM , we have, for all positive t\,t 2 : 

\Pf,u,h,m v ,(h,t 2 )\ < C'\\f\\ aj M\\u\\a,M\\h\\a,M[{l+ h)~ C +(l+^) _ ' ]- 

Proof. Assume first that f f dm\ = f u dm\ = J h dm\ = 0. 

The following construction reduces the proof of Proposition 17.141 to a direct extension 
of the proof of Proposition 17.111 Let A(x) be a function in 3C^(E); then (see e.g. |Pll L 
there exists a decomposition A = J2^L 0 Aj, where 
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( 1 ) x i-A AAx) depends only on the coordinates • • •) of x, 

( 2 ) sup x \Aj{x)\ < a J ||A|| a and 

(3) \\Aj\\ a < ||A|| a . 


We also associate to A and s € C the functions A*(x) := e ST ‘Aj(a' J x). Then, by 
El (see also EH and EH), there is c /,0 < a 1 < a, and 6,0 < 9 < 1 , such that, with 
s = a + ib, 


( 1 ) x eA A S j(x) depends only on the coordinates (xq, x±, ■ ■ ■) of x, 

( 2 ) sup x |^(x)| < e c i\ a \a.i ||A|| Q and 

(3) \\A°\\ a , <Ce c M\b\9i\\A\\ a . 


Finally, we set 7l s (x) := Aj(x); we have, if |a| is small enough, 


( 1 ) si-l A s (x) depends only on the coordinates (xn, an, ■ ■ ■) of x, 

(2) sup x |! s (x)| < C\\A\\ a , 

(3) <C|6 |||A|| q and 

(4) f A°(x) dv(x) = f A{x) du(x) for any shift invariant measure V on E. 


Property (4) is clear since A°(x) = TM?( x) = J2jAj((T j x), whereas A{x) = J2jAj(x) 
and both series of functions converge uniformly. 

Choose s' so that for all ip, \\p> — y?o||a < ^■ Proposition 17.61 and Proposition 17.101 
apply on X a t. Fix /, u,h,ip € X a)M and write p(h,t 2 ) for Pf,h, g ,m v> (ti,t 2 ) We now write 
as before the Laplace transform p(si,S 2 ) of p(t\,t 2 ) as: 


p(s u s 2 ) = E / H (° n+mx , -S 2 )e S2Tm+ ^ x) U(a n x, s 2 - F(x, 8l ) du^x). 

n,m 


We consider it as a series in the sense of tempered distributions: for any B(s,t) 
in the Schwartz space of M 2 , f B{ibi,ib 2 )p(ibi,ib 2 ) db\db 2 makes sense and is equal to 
— 47 t 2 f B(t\, t 2 )p(t\, t 2 ) dt\dt 2 . The series of integrals f B(t\, t 2 )p n ^ m (ti, t 2 ) dt\dt 2 con¬ 
verges absolutely. It still does if one consider the sum over n,m in Z instead of Z + . 
For each ( n,m ) € Z x Z, we write, using the decompositions H(x,s ) = Hj(x, s), 
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U(x, s ) = Uk{ x i s )i F(x , s ) = YleF^(x, s ) an d the above A? notation: 

Pn,m Ol j ^2 ) — 

= J H(a n+m x, -s 2 )e S2Tm+n ^U(a n x, s 2 - s^ 31 - 32 ^^ F{x, si) dU^x) 

= T I H j (a n+m x, -s 2 )e 32Tm+n Wu k (a n x, s 2 - Sl )e^- 32 ^ F e (x, Sl ) dU^x) 

j.ky* 

= V [ H- S2 {a n+m - j x : -so)e S2Tm+n ~ j ^U^ 2 ~ Sl \a n - k x,so- Sl )e^- s ^ Tn ~ k ^ 

i. k , - /x : 

F 31 [a~ l x, Sl )e BirI ^~ e ^ dU^x) 

= J2 [ H j (a n+m - j x,-s 2 )e S2Tm+k ^^ n ~ k ^U k (a n ~ k x,s 2 - Sl )e s 


jn—k„ „ ^sir" k+t (a e x) 


j,k,e 


F e (a £ x,si)du cj> (x), 

where we used the cocycle relation T n+m (x) = r n (x) + T m (a n x ) valid for all m, n € Z 
and wrote F(x,s ) for F 3 (x,s), Gj(x,s ) for G 3 {x,s ) and Uk{x,s) for U%(x,s). 

We now replace the summation in (n, m) by a summation in (p, q ), where p := n — k + 
t,q := m + k — j. Assume for example p > 0, q > 0 (and then p + q = n + m — j + 1 > 0). 
We write, using the invariance of u^, the integral 
(7.11) 

[ Hj{a n+m ~^x, - s 2 )e S2Tm+k ~ j ^ n ~ kx) U k {a n - k x , s 2 - Sl )e 3lTn ~ k+ ^~^F e (a- e x, si) du^x), 
is 
as: 


/ Hj(& 
is 


n+m-j+£ x _ s \ e S2T m+k -i('T n - k+e o 


} u k (a n k+e x,s 2 -s 1 )e 31T " + ^F^x, si) dv$(x),, 


where we replaced by since the integrand now depends only on the non-negative 
coordinates of x. As before, we can write these integrals using the transfer operators as 

f E Hj{a m+k -^x, ~s 2 )e S2Tm+h ~ J ^U k {x, s 2 - si)£^“^(F^(., si))(x) dv x (x) 

= J E H j (x,-s 2 )L q 4>+S2T [U k (.,s 2 - si)^ +Sir (F £ (..,si))(.)](x)rfp A (x). 

If |ai|, \ci 2 1, and |ai — a 2 \ are small enough, one can sum in j, k, l € Z+ the integral (17.111) 
for the same value of (p, q)\ we obtain, when p, q > 0 , 

j^H(x, -s 2 )L q ns2T [U(., s 2 - si)£j fSir (F(.., si))(.)](x) di/^(s). 

The other possible signs of p, q and p + q are treated in the same way. 

By applying Proposition 17.61 to 0C a /, we conclude that there are positive numbers 5', f3' 
such that, for all ip, ||ip — ^olU' < £ ' the series of operators Yhn^+sr converges and is 
analytic on the region U' 

25' 

U' ■= {s = a + ib ; |6| > 1 \a\ < 
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and that there is a constant D' 0 such that, for s € U ', 

(7-12) llE £ 0 +-ll < D' 0 \b\ D o. 

n 

Moreover, there is 5' > 0 such that on the series of operators Yl n + ST converges and 
is meromorphic on the region V', 

V' := {s, s = a + ib; |f>| < 2, |a| < 25'} 

with a simple pole at 0 and residue the projection on the constant function z/^(.). We 
conclude as above (but with a different argument for each one of the six sums over 

(p,q), (~q,p+q), (~p,p+q), (-p-q,q), (p, -p-q ), (-p,-q) in (z+ xZ+)) that p(si,s 2 ) 

is given by an analytic function defined on the region where at , s 2 and si — s 2 all belong 
to U' U V' (and have a real part smaller than 5g) and satisfying 

|p(si,S2)| < C\\h\\ aiM \\u\\a,M\\f\\a,M(l + |&i|) D ° _M (l + \bi - b 2 \) D °~ M (1 + \b 2 \) D °~ M , 
where D” = D' 0 + 1. 

If M has been chosen greater than D'} + 2, we obtain Proposition 17.14l (for functions 
with integral 0) by the same argument as before, provided one chooses in each of the six 
cases contours T of integration with the right sign. 

The extension of Proposition[7T3]to functions f,h £ X' a M with f fdm$ = 0, f hdm$ = 
0 goes again by the same computation, without the function u. Again, (17.10)) holds for / 
as soon as it holds for / — J f dm This justifies the reduction to functions with integral 
0 in the proof of proposition 17.141 □ 


7.2.4. Holder continuous functions. We conclude the proof of Theorem l7.2l and of Propo¬ 
sition 17.31 by approximating any Holder continuous function by regular functions. We 
have proven m for functions in X' a M with some constants C',d\ (ED holds also if 
/, u, h are such that / o , u o crt 2 , h o <j t3 g %' a M for bounded ti,i = 1, 2,3. There is 
Cg = 10 + T / X ) such that any function which is of class along the trajectories 

inix 

of the special flow ( T, T ,at,t € M) and such that the first M derivatives along the flow 
are a-Holder continuous functions can be written as a sum of less than Cg functions 
in X! M . Using the projection from the manifold to E T , we conclude that there exist 
e,C",d > 0 ,a,M such that for all for all ip, \\<p — Police < fo f, u ,h that are of class 
C M along the trajectories of the flow and such that all the derivatives along the flow up 
to order M belongs to X a (SM), we have, for all t\,t 2 > 0: 

\Pf,u,h,m lp (h,t2)\ < C''\\f\\ ai M\\u\\a t M\\h\\ a ,M[(l + tl)- C +(1+^2) _C ], 

where ||.|| a ^ is the maximum of the || || Q norms of the first M derivatives along the flow. 

We conclude by smoothing all functions in X a . Let if be a nonnegative function 
on R, with support in [— 1, +1] and integral 1. For e > 0 and a function / € X a , set 

if e {t) := and f e (x) := [ if e {t)f{ip t x)dt. 

£ £ Jr 
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We have sup,,, | f{x) - f e (x)\ < £ a \\f\\ a and \\f e \\ a ,M <£ M 1 ||/|| a . 

/ / _ 1 _ 

Fix t\,t 2 > 0, choose e = [1/3(1 + ti)~ c + l/ 3 (l+ 2 ) _c ] “+ 3M + 3 and replace f,u,h by 
f e ,u e ,h £ . One obtains (17.11) for f,u,h with some constant Cq and c ' 0 = Q+ 3 A " +3 ■ 

8. Appendix 2 


In this section, we prove the well-known decomposition results of the Green function on 
a barrier in the form that we use in Section[3l Let M be a simply connected nonpositively 
curved Hadamard manifold with bounded geometry. We denote Ao the bottom of the 
spectrum of the Laplacian and we assume that the Green function G\ 0 is finite. Let T> 
be an open domain in M. Recall that for A < Ao the relative Green function G\(x, y : T>) 
defined as the Green function of the operator A + A on D with Dirichlet conditions at 
the boundary. 


Consider the Brownian motion on M and for x € M , denote by P x the probability 
measure it defines on the set 12 ^ of continuous paths starting at x, E^, the associated 
expectation. Let A be a closed subset of M and assume x 0 A. For oj € Q x , let 
Ta{lo) g]0, +oo] be the first time the trajectory uj hits A. In probabilistic terms, we have 
for every nonnegative measurable function F. 


( 8 . 1 ) 


L 

Jm\a 


F{y)G\{x,y : M \ A)dy = E a 


l 


T a (u) 


e xt F(w t ) dt 


Consider A an (n — l)-dimensional submanifold, with bounded geometry and assume 
x,z € T>. Write T{oj) for Observe that if T(w) < Tqd(w), € An D. In 

particular, in that case, G\{ujt(u),z : 2?) makes sense. We have, for all A < Ao, 


Proposition 8.1. 


G\(x,z 


H) — E x lT(u)<T 9X> (u) eXT ^Gx(u}T(w), z : T>) 


+ G x (x,z:V\A). 


Proof. Indeed, if 5 < d(z, A U dD), we may write 
G\(x, w : D) dw 


i B(z,S) 


= e t 


rTg 

/ e At l B(z,S)(ut)dt 

Jo 


E s 

rTv(w) 

1 T(w)<T-d(w) / e *1 B(z,S)( w t)dt 

+ E x 

r T ( w ) ^ 

1 T(w)<T v (w) / e ^l B(z,6)(wt) dt 


Jt(w) 


Jo 


+Ea; 


rTntw) 

T{w)>Tv(w) / e *1 B(z,5)( w t)dt 

Jo 

1 T(u)<T dv (u) eXT( '^ ( G\(u}T(u),W : T>) 

J B(z,5) 


= E, 


dw 


+ G\(x,y : D \ A)dy. 
J B(z,5) 
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We used the Strong Markov Property of the stopping time T(uj) to write the last line. 
The proposition follows by letting 5 —» 0. □ 

Let be the distribution on A (I'D such that the proposition writes, for all A < Ao, 

G\(x,z:D)= f G x (y,z :D)dw^(y) + G x (x,z :D\A) 

JAnD 

( w ° is the distribution of the hitting point ujt(u>) on An D). The measure has a 
density with respect to the induced Lebesgue measure dy on A. We now prove the 
estimate in Propositions 13.21 and 13.31 that we recall: 

Proposition 8.2. Let A be a (n — 1) dimensional submanifold of D with bounded ge¬ 
ometry. Set A\ for the set of points of A at distance at least 1 from D c . There exists 
a constant C 3 such that, for A € [0, Ao], for any positive function F on A\ and any 
x € D, d(x, A) > 1, 

[ F(y)dmx(y) < C 3 L(F ) 2 f Gx(x, y)F{y) dy, 

J A ! J A 

where L(F) := e supA H vlnF H is the (multiplicative) Lipschitz constant of F. 


Proof. We choose a cover of A\ by open balls B(y p , S),y p € A\ with bounded multiplicity 
C 5 (in M ) and a partition of unity ip p on A\ subordinate to the cover B(y p , 5) n A\ of 
Ai for some 6, 0 < <5 < 1/2. We have to estimate: 


Mi 


F(y)dw^(y) < EE e (fc+ 1 )A E x [l T([j)e [k,k+ 1) 1 T(lo)<Tv (ui) Tp (wr(u)) f (wT(u) )] 


Firstly, we estimate from above F on B(y p ,S ) by L{F)F{y p ). 

Then, we write for all s, k + 2 < s < k + 3, 

Pa, [w s € B(y p ,S) n D,s < T v (ui)\ 

> [u; s € B(y p ,5) n D, k < T(u) <k + l,s < Td(w), € B(y p ,5) n A 1 n D] 

> [\k ) k+l){ T {^))^T{u)<T v (ui)^B(y V) 5)cA 1 rT){^T{ij))U{y p ,iO T ^), S - T(u))] , 

where 

U(y,z,t) := P, [uj t € B(y, S) n D, 1 < t < T-r>(u)\ . 

Here, we used the Strong Markov property to write the second inequality. Set 
C{ Q 1 := ini{U(y,z,t);y,z € D,d(y,z) < S,d(y,D) > 1,1 < t < 3}. 

The constant C\q is finite by bounded geometry and we have 

[w s € B(y p , 6) n D, s < Tt>{u)\ 

> CiqF x [k < T(w) < k + 1, T(uf) < Td(uj),oj t ^ € B(y p ,5) n Ai n D] . 

It follows that 


e (fc+l)Ajg^ [l'r(w)e[fc,fc+l)lr(a;)<T I) (w)9 J p( u; T(w))] < C'lO 


r-fc+3 


E, 


<k+2 




ds. 
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We thus have, by summing over k £ N, 


F(y)dm$(y) 


Ja l 

< C 10 L{F)Y,F{Vp) e . 

p 

< C 10 L(F)^F(yA I 


eXb ^B(y p ,S)nv(^s) ds 




G\(x, w ) dw. 


By bounded geometry, we can choose <5 small enough that for d(w,A\) < 5 , the 
orthogonal projection of w on A is well defined. By Harnack inequality and the Lipschitz 
regularity of F, we have: 


j F(y)dvj*{y) < C 10 C 0 L(F ) 2 ^ / F(w)G x (x,w) dw 


p ^B(y p ,S) 


< 


C 5 C 10 C 0 L(F f [ F(w)G\(x,w) dw. 

J U p B(y p ,5) 


The inequality follows, with one more geometric constant C\\ such that for any contin- 
uous nonnegative function G on dG, f u eA B( y 6 ) G(w)dw < Cu f A G(y)dy. □ 

Proposition 8.3. Let G be an open domain, G C D, d(G, dT>) > 1. Let x £ C, A := dG 
and let vo x be the distribution in Proposition 1 3. 1\ on A. Then, there exists a constant C 3 
such that if d(x, A) > 1, then for all A £ [0, Ao], 

C 3 (L(F ))~ 2 [ G\(x, y : T>)F(y) dy < [ F(y)dw x (y). 

J A J A 


Proof. The proof is similar to the proof of Proposition 13.21 We write: 

r T b (u) 


Et 


= e t 


J eAs , 3 / 4 )n(®\e) ( w s)f (wr( u )) rfs 


< C 3 1 E a: 


e XT ^F(w nuj) ) E Wt( , 
e XT ^F(u T{Lu) ) 


rTo {uj T (u) ) 


gA(i T ^^ , 3 / 4 ) n ( 0 ?\e) (^s—r(£^)) ds 


where c 10 1 = sup / G\ 0 (y,z : D)dz, which is finite by bounded geometry 

y&AJB{y, 3/4)n(D\e) 
since d(A, D) > 1 . 
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It follows that 

F(y)dm*(y) = E s [e AT(aj) F(u; T(a;) l T(aj)< 

/•T B (a)) 


IA 


> 


> 


> 


> 


c 10 (L( J F))- 1 ^F(y p )E ;£ 


J' eAA ls(o; T(aj) ,3/4)n(R\e)( w s)^p( w T(a;)) ds 


c w(L(F))- 1 Cq 1 V F(y p ) [ Gx{x, z : V)dz 

p dB(y p , 3/4)nR\e 

C^LiF)- 2 ^ 1 [ F(w)G\(x,W : T>) dw 

J {w:d(w,A)<l/4:\ 


C^L(F)~ 2 C^c 13 [ F(y)G\(x,y : T>)dy, 

JA 


where c\ 3 is another geometric constant. □ 

Observe that the geometry of A plays a role only in the choice of <5 and of Cn, c\ 3 . In 
particular, the estimates of Propositions 13.21 and 13.31 are uniform for all the barriers in 
the text. 
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